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1: 

Abstract 

m ; 

^ I We prove, under some mild conditions, that the equivariant twisted _R"-theory 

group of a crossed module admits a ring structure if the twisting 2-cocycle is 2- 
multiplicative. We also give an explicit construction of the transgression map 
Ti : H*(T.;A) -» H*^ 1 ^ xi T).;A) for any crossed module N —> T and prove 
that any element in the image is oo-multiplicative. As a consequence, we prove that, 
\Q ■ under some mild conditions, for a crossed module N — > V and any e s Z 3 (r.; l S 1 ), 

that the equivariant twisted if-theory group K* r (N) admits a ring structure. As 
an application, we prove that for a compact, connected and simply connected Lie 
group G, the equivariant twisted X-theory group K?, G (G), defined as the if-theory 
group of a certain groupoid C*-algebra, is endowed with a canonical ring structure 

K [t}%^ G ) ® K [^%( G ) -» K [c]!g d ( G )> where d = dimG and H e ^((G X G).;^ 1 ). 
The relation with Freed-Hopkins-Teleman theorem [55] still needs to be explored. 
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1 Introduction 

A great deal of interest in twisted equivariant A-theory has emerged due to its close 
connection to string theory [461 I47j . In particular, the recent work of Freed-Hopkins- 
Teleman |24[ [25j [26j [2~T[ [28] concerning the relationship between the twisted equivariant 
A-theory of compact Lie groups and Verlinde algebras has inspired a great deal of activities 
in this subject. It now becomes increasingly important to develop a general framework 
which allows one to study the ring structure of twisted equivariant A-theory groups and 
in particular to investigate the general criteria which guarantee the existence of such a 
ring structure. 

This paper serves this purpose. More precisely, in this paper we examine the conditions 
under which the twisted A-theory groups of a crossed module admit a ring structure. 
Recall that a crossed module is a groupoid morphism 




where Aq zz£ Nq is a bundle of groups, together with an action of T on N by automorphisms 
satisfying some compatibility conditions (see Definition 12. 2|) . A standard example of a 
crossed module is as follows. Let Ti ^ Tq be a groupoid and ST± = {g G Ti| s(g) = t(g)} 
be the space of closed loops in T\. Then the canonical inclusion ST — > T, together with 
the conjugation action of T on ST, forms a crossed module. In particular, when T is just a 
Lie group G, ST is isomorphic to G with the action being by conjugation. In other words, 

id 

G — > G with the conjugation action is a crossed module. Given a crossed module N — > T, 
since T acts on N, one forms the transformation groupoid (also called the crossed product 
groupoid) N x T. In the case that the crossed module is ST — > T, the transformation 
groupoid obtained is called the inertia groupoid and is denoted by Ar. When T is a Lie 
group G, the inertia groupoid is the standard transformation groupoid G x G =t G with 
G acting on G by conjugation. 

In [33], we developed a general theory of twisted AT-theory for differential stacks 
(see also [21 [3] for the case of quotient stacks). For a Lie groupoid X\ ^ Xq and 
a G H 2 {X.,S l ), the twisted A-theory groups A* (A) are defined to be the A-theory 



groups of a certain C*-algebra C*(X,a) associated to the element a (or an S 1 -geibe) 
using groupoid S^-central extensions. However, the construction is not canonical and de- 
pends on a choice of 2-cocycle c G Z 2 (X.;S l ) representing a, though different choices of 
c give rise to isomorphic AT-theory groups. For the convenience of our investigation, in 
this paper, we will define twisted AT-theory groups using a Cech 2-cocycle instead of a 
cohomology class so that the twisted A'-theory groups K*(X) will be canonically defined. 
For a Lie groupoid T acting on a manifold N, and c G Z 2 ((N x r).; S 1 ) a 2-cocycle of the 
corresponding transformation groupoid N X V, the twisted equivariant A'-theory groups 
are then defined to be 

Kif(N) = Ki(NxT). 

The main question we study in this paper is: For a crossed module N — > T, under what 
condition do the twisted equivariant A'-theory groups K l c r ( N) admit a ring structure? 

The answer is that c needs to be 2-multiplicative. Note that since N — > T is a crossed 
module, (./V. xi T), becomes a bi-simplicial space. Therefore there are two simplicial maps 
8 : CP({N q x r).;^ 1 ) -► CP+\(N q x r).;^ 1 ) and & : <>((7V, x r).;^ 1 ) -> &((N q+1 x, 
r).;^ 1 ). A 2-cocycle c G Z 2 ((Aq x r).;^ 1 ) (i.e. dc = 0) is said to be 2-multiplicative 
if there exist b G C 1 ^ * r).;^ 1 ) and a G C°((A 3 * r).;^ 1 ) such that d'c = db, and 
d'b = da. Such a triple (c, 6, a) is called a multiplicator. The product structure on K* r (N) 
depends on the choice of a multiplicator. The main result of the paper can be summarized 
as the following 

Theorem A. Let N — > T be a crossed module, where Ti =$ Tq is a proper Lie groupoid such 
that s : Aq — > Ao is T-equivariantly K-oriented. Assume that (c,b,a) is a multiplicator, 
where c G C 2 ((Aq xi r).,^ 1 ), b G C 1 {(N 2 x r).,^ 1 ), and a G C°((A^ 3 * r).,^ 1 ). T/ien 
t/iere is a canonical associative product 

K l c } d (N) ® A^'+ d (A0 -> K^+^N), 

where d = dim Aq — dim Ao . 

The main idea of our approach is to transform this geometric problem into a problem of 
(7*-algebras, for which there are many sophisticated AT-theoretic techniques. As the first 
step, we give a canonical construction of an equivariant S^-gerbe (or rather S^-central 
extension), which should be of independent interest. 

Theorem B. Suppose that T : T\ ^ Tq is a Lie groupoid acting on a manifold N via 
J : N -> r . Let U be a cover of (N x Y),. Then any Cech 2-cocycle c G Z 2 (U,S X ) 
determines a canonical S 1 -central extension of the form HxT—tHyir^, M, where 
H — > H z^ M is a T -equivariant S 1 -central extension and H =£ M is Morita equivalent to 
N z4 N, with the Dixmier-Douady class of the extension equal to [c] G H 2 ((N x r).;^ 1 ). 

The above theorem allows us to establish a canonical Morita equivalence between the 
(7*-algebra C*(N x T,c) and the crossed product algebra A c x r T, where A c is a T-C*- 
algebra (i.e. a C*-algebra with a T-action). This enables us to construct the product 
structure on K* r (N) with the help of the Gysin map and the external Kasparov product. 

For a T-equivariantly A'-oriented submersion / : M — > A" between proper T-manifolds 
M and N, the Gysin map is a wrong-way functorial map 

/, : 4* c , r (M) - A^(AT), 



where d = dimiV — dimM, which satisfies g\of\ = (g°f)\. It is standard that any K- 
oriented map / : M -> N yields a Gysin element /i G KK d (C (M),C (N)) [TSJ EI]. 
When r is a Lie group, an equivariant version was proved by Kasparov-Skandalis [341 
§4.3]: Any T-equivariantly if -oriented map / : M — > N determines an element f\ € 
if if P (Co (M), Cq{N)). A similar argument can be adapted to show that the same assertion 
holds when T is a Lie groupoid and if ifp is Le Gall's groupoid equivariant if if -theory 
[36J. As a consequence, our Gysin map can easily be constructed using such a Gysin 
element. We note that a different approach to the Gysin map to (non-equivariant) twisted 
if -theory was recently studied by Carey-Wang [15] . 

The second ingredient of our construction is the external Kasparov product 

K,A N ) ® KAN) - K;tJ +p * C!V (N 2 ), (i) 

where T is a proper Lie groupoid, and pi, P2 ' N2 —* N% are the natural projections. 
This essentially follows from the usual Kasparov product KK'^(A,B) <S> KK^(C,D) — » 
KKy(A ®c Cr ) C,B <X>Co(r ) D), where A, B, C, D are r-C*-algebras. Here again 
if ifp stands for the Le Gall's groupoid version of the equivariant if if -theory of Kasparov 
[331 [36]. 

Theorem A indicates that the ring structure on twisted equivariant if -theory groups 
relies on "multiplicators" . A natural question now is how multiplicators arise. In the first 
half part of the paper, we discuss an important construction, the so-called transgression 
maps, which is a powerful tool to produce "multiplicators". At the level of cohomology, 
the transgression map for a crossed module N — > T is a map 

Ti : H k (T.;S l ) -» H^ 1 ^ X r).;^ 1 ). 

For instance, when k = 2, one obtains a map T\ : -ff 3 (r.;5 1 ) — > H 2 ((N x r).;^ 1 ). Any 
element in the image of T\ is 2-multiplicative, so it is reasonable to expect that the corre- 
sponding twisted if -theory groups admit a ring structure. To prove this assertion, since 
our twisted if -theory groups are defined in terms of 2-cocycles, we must study the trans- 
gression map more carefully at the cochain level. Therefore we put our construction of the 
transgression map into a more general perspective which we believe to be of independent 
interest. 

First, to make our construction more transparent and intrinsic, we introduce the notion 
of C-spaces and their sheaf cohomology, for a category C. By a C-space, we mean a 
contravariant functor from the category C to the category of topological spaces. One 
similarly defines C-manifolds. Here we are mainly interested in C-spaces in which C is 
equipped with an additional generalized simplicial structure. One standard example of a 
generalized simplicial category is the simplicial category A, whose corresponding C-spaces 
are simplicial spaces. Indeed the generalized simplicial structure on C enables us to define 
sheaf and Gech cohomology of a C-space just as one does for simplicial spaces [201 122] • A 
relevant generalized simplicial category for our purpose here is the so-called A2-category, 
which is an extension of the bi-simplicial category, i.e., A x A. Indeed A2 has the same 
objects as A x A, but contains more morphisms. 

Let M.. be a A2-space. Then for any fixed k £ N, both Mf. • = {Mf~i)i^ and 

M, : k = (.M) fc)jgfl are simplicial spaces. Suppose that Ao — > At — ► • • • is a complex 
of abelian sheaves over M... Let C*{M„;A.) (resp. C*(Moy,A,)) be its associated 
differential complex on M„ (resp. Mq 9 ). We prove the following 

Theorem C. 



1. For each fceN, there is a map 

T k : C*(M y,A.) -► C*~ k (M k y A.) 
(with Tq = Id) such that 

T = Y,T k : C*(M y,A.) -> C*(M..;A) 

fc>0 
is a chain map which therefore induces a morphism 

T : H*(M yA.) -► H*(M„;A.) 

on the level of cohomology. 

2. In particular, 

Ti : C*(M ,.; A.) -► C*" 1 ^,.; A) 

is an (anti-) chain map and thus induces a morphism 

Ti : ff*(Mo,.; A) -> H*~ 1 {M 1 y A.). 

3. Similarly, given an abelian sheaf A over M.., there is a map 

T k : C*(M y,A) ^ C*- k (M k y,A) 
(with To = Id) such that 

T = Y J T k : C*(M yA) - £*(M..;.A) 

fc>0 
is a chain map which therefore induces a morphism 

T:H*(M yA)^H*(M..;A). 

4- Similarly, for any abelian sheaf A over M„, 

T l :C*(M Q yA)^C*-\M l yA) 
is an (anti-) chain map and thus induces a morphism 

T x : H*(M yA) -► H^^hyA). 

We call T the total transgression map and T\ the transgression map. 

For a crossed module TV — > T, one shows that (TV x T).. is naturally a A2-space. In 
this case, the transgression maps can be described more explicitly. 

Theorem D. Let N — > V be a crossed module and A. a complex of abelian sheaves over 
(iVxT)... 



1. There is a chain map (the total transgression map) 

T = Y J T k : C*(T.;A.) -► C*((N x F)..;A.). 



Moreover 

T k = Y, <°)tt ■ C k+l (T.;A.) — » C'((iV fc x T).; A), 

where S k j denotes the set of (k, I) -shuffles, and the map f ff : N k X Ti — ► 1^+; is ^iven 

f a (x 1 ,...,x k ;gi,...,gi) = (u\, . . . ,u k +i), (2) 

where Ui = g a -iu\ i/c -1 ^) > A; + 1, and m = ip I x l X (-\ 1<% " I otherwise. 

2. There is a transgression map 

T x : H*(T.;A.) -» H*" 1 ^ x T).; A), 
which is given, on the cochain level, by 

P-i 



ri = E(" 1 ) 4 /* : ^( r p) - ^W * Vi). 



j=0 



ifere i/ie map fi'NxX T p _i — ► T p is given by 

fi{x;gi, • • • ,s P -i) = Oi, . . .,gi,<p(x) 9v " 9i ,g i+ i, . . .,g p -i) 



(3) 



Note that the transgression maps have, in various different forms, appeared in the 

id 

literature before. For instance, for the crossed module G — > G with the conjugation action 
and A. = f2*, the transgression map T\ : Hq{») — ► fl^T (G) was studied by Jeffrey 
[32] (see also [37]). The geometric meaning of the transgression T\ : ^q(») — > H^(G) was 
studied by Brylinski-McLaughlin [11] . On the other hand, the suspension map Hq(*, Z) — > 
H 3 (G, Z), which is the composition of the transgression T\ : Hq(»,7i) — ► Hq(G,Z) with 
the canonical map Hq(G, Z) — ► H 3 (G, Z), was shown by Dijkgraaf-Witten [21] to induce a 
geometric correspondence between three dimensional Chern-Simons functional and Wess- 
Zumino-Witten models. Such a correspondence was further explored recently by Carey 
et. al. [H] using bundle gerbes and was also used in [16] in their study of fusion of 
D-branes. The transgression map for orbifold cohomology was recently studied by Adem- 
Ruan-Zhang [I]. 

Transgression maps T k can be used to produce multiplicators. More precisely, for a 
crossed module N ^ T, if e G Z*(T.;S l ) and letting c = T x e G C 2 {{N 1 x r).;^ 1 ), 6 = 
-T 2 e G ^((JVb x r).;^ 1 ), and a = -T 3 e G C°((N 3 X r).;^ 1 ), we then prove that (c, 6, a) 
is a multiplicator. This fact enables us to construct a canonical ring structure on the K- 
theory groups twisted by elements in Z 3 (r.;5 1 ). More precisely, for any e G Z 3 (r.;5 1 ), 
Tie G Z 2 ((iVi x r).;^ 1 ) is 2-multiplicative. Define 



K* e>r (N) ;= K^N). 



Thus we prove 

Theorem E. Let N — » T be a crossed module, where Ti z^ Tq is a proper Lie groupoid 
such that s : N± — > 7V is T-equivariantly K-oriented. 

1. For any e € Z 3 (r.;5 1 ), t/ie twisted K-theory group K* r (N) is endowed with a ring 
structure 

Kl+ T d (N) K j e + d (N) - l^y' +d (A0, 
where d = dim TVi — dim A"o . 

2. Assume that e and e 1 € Z^r.;^ 1 ) satisfy e — e' = du for some u € C 2 (T.jS 1 ). 
Then there is a ring isomorphism 

tt e , )tt , e : tf e * r (JV) - X e V(iV) 

suc/j i/iai 

• if e — e' = du and e' — e" = du' , then 

^ e" ,u' ,e' °^ e' ,u,e ^ e" ,u-\-u' ,ei 

• for any v € C' 1 (r.;5 1 ) ; 

^e',u,e — ^ e',u-\-dv,e- 

3. There is a morphism 

tf^r.jS 1 ) -» AutKl r (N). 

The ring structure on K*~^ (N), up to an isomorphism, depends only on the coho- 
mology class [e] £ -£f 3 (T # ; 5 1 ). The isomorphism is unique up to an automorphism 
ofK*+ d (N) induced from H 2 (T.;S r ). 

As an application, we consider twisted A-theory groups of an inertia groupoid. Let 
r : Ti =S Tq be a Lie groupoid and consider the crossed module ST — ► T. As before, 
Ar : ST i xTi 4 ST i denotes the inertia groupoid of T. Any element in the image of the 
transgression map T\ : ff 3 (r.;5 1 ) — ► i^ 2 (Ar.;5 1 ) is 2-multiplicative. Thus one obtains a 
ring structure on the corresponding twisted A-theory groups. Since i? 3 (r.;5 1 ) classifies 
2-gerbes, we conclude that the twisted A-theory groups on the inertia stack twisted by a 
2-gerbe over the stack admits a ring structure. 

Theorem F. Let T± z^ Tq be a proper Lie groupoid such that STi is a manifold and 
STi — ► To is T-equivariantly K-oriented (these assumptions hold, for instance, when T is 
proper and etale, or when T is a compact, connected and simply connected Lie group). Let 
d = dimSTi — dim To- 

1. For any e € ^(r.;^ 1 ), the twisted K-theory groups A*p (ST) are endowed with a 
ring structure 

K l + T d (ST) <g> K^ d (ST) - K l e y +d (ST). 

2. Assume that e and e 1 € Z 3 (r.;5 1 ) satisfy e — e' = du for some u € C (T.-jS 1 ). 
Then there is a ring isomorphism 

* e>;e : Kl r (ST) - K*, r (ST) 

such that 



• if e — e' = du and e' — e" = du' , then 

^ e" ,u> ,e'°* e' ,u,e = *e",«+li',e; 

• for any v E C' 1 (r.;<S 1 ), 

3. There is a morphism 

H 2 ^.-^ 1 ) -^AutK* >r (ST). 

The ring structure on A*p (ST), up to an isomorphism, depends only on the coho- 
mology class [e] € H^{T.;S l ). The isomorphism is unique up to an automorphism 
of K*+ d (ST) induced from H 2 (T. ; S 1 ) . 

As a special case, when T is a compact, connected and simply connected, simple Lie 
group G, SG = G, and the G-action on G is by conjugation, then T\ : H 3 (G„S ) — > 
H 2 ((G xi G).,^ 1 ) is an isomorphism and ^(CS 1 ) = 0. Thus, as a consequence, we 
prove the following 



Theorem G. Let G be a compact, connected and simply connected, simple Lie group, and 

[c],g( 



[c] G H 2 ((G x G),;S l ) = Z. Then the equivariant twisted K-theory group K?\ r (G) is 



endowed with a canonical ring structure 



A" 



S d c(G)®K(l d G (G)^Ki+£ d (G), 

where d = dim G, in the sense that there is a canonical isomorphism of the rings when 
using any two 2-cocycles in Z 2 ((G xi G).;^ 1 ) which are in the images of the transgression 
Tl 

This paper is organized as follows. Section 2 is devoted to preliminaries. In particular, 
we introduce generalized simplicial-categories and cohomology of generalized simplicial- 
spaces. In Section 3, we give the construction of the transgression maps and discuss 
their properties. Section 4 is devoted to the discussion of the ring structures of twisted 
equivariant A-theory groups. 

Note that Freed-Hopkins-Teleman has proved a remarkable theorem that the equiv- 
ariant twisted A-theory group of a compact connected Lie group admits a ring structure 
which is isomorphic to Verlinde algebra |24} [26] . Indeed the idea of using multiplicative 
cocycles (called equivariantly primitive in [25J) in constructing the product on twisted 
equivariant A-theory has been known in the community. See |25[ [28l [I~4"t I16j for instance. 
In |14[ [T6] , there is a notion of "multiplicative bundle gerbes" , which seems to be equiv- 
alent to our "2-multiplicativity" except for the fact that "multiplicative bundle gerbes" 
in the sense of Carey et. al. |14[ [IB] are gerbes over G, while our gerbes are over [G/G] 
(i.e. G-equivariant gerbes). In [16], it has been addressed the issue that the multiplica- 
tive property is related to the ring structure on the twisted K-theory groups. The idea 
of considering the ring structure of A-theory groups twisted by classes arising from the 
transgression H 4 (BG,Z) — > Hq(G,Z) is also standard [251 ESI [16]. The ring structures 
on twisted A-theory of orbifolds have been studied independently by Adem-Ruan-Zhang 
using a different method pp. 

However, we would like to stress that the main purpose of our paper is to emphasize 
the importance of the use of techniques of groupoid G*-algebras and AA-theory in the 



study of theory of twisted A-theory. This is an advantage of working with twisted K- 
theory defined as the K-theory group of a certain C*-algebra. We also aim to provide a 
different cohomological interpretation of the transgression maps and of 2-multiplicativity 
in a general framework. 
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2 Preliminaries 

2.1 General notations and definitions 

Given any category C (in particular any groupoid), the collection of objects is denoted by 
Co and the collection of morphisms is denoted by C\. We use r or V =$ Tq to denote a 
groupoid. As usual, T is identified with its set of arrows T\. 

If / : x — > y is a morphism, then x is called the source of / and is denoted by s(f), 
and y = t(f) is called the target of /. Hence the composition fg is defined if and only if 

Given any A C Ci, by A y , A x and A% we denote A n t' 1 ^), A n s~ 1 (x) and A x n A y , 
respectively. 

For all n > 1, we denote by C n the set of composable n-tuples, i.e. 

C n = {(/l, ■ ■ • , fn)\ S(h) = t(f 2 ), ..., S(f n -l) = *(/„)}■ 

Let r be a groupoid and / : M — ► Tq be a map. We will denote by f*T, or by T[M] if 
there is no ambiguity, the pull-back groupoid defined by 

r[M] = M, r[M]i = {(x,j/,</) e M x M x T| f(x) = t(g), f(y) = s(g)} 

with source and target maps t(x,y,g) = x, s(x,y,g) = y, product (x,y,g)(y,z,h) = 
(x,z,gh) and inverse (x,y,<7) _1 = (y,x,g~ l ). In other words, T[M] is the fibered product 
of the pair groupoid M x M and T over ro x Tq. 

Let us recall the definition of an action of a groupoid. By definition, a right action of 
a groupoid T on a space Z is given by 

(i) a map J : Z ^ Tq, called the momentum map; 

(ii) a map Z xp () T := {(z,g) £ Z x T\ J(z) = £(<?)} — > Z, denoted by (2,5) 1— > 25, 
satisfying J(z^) = 5(5), 2(5/1) = (25)^ and z • J(z) = z whenever J(z) = t(5) and 
s(g)=t{h). 

Then the transformation groupoid (also called the crossed product groupoid) Z x T is defined 
by (Z x r)o = Z, and (Z x T)\ = Z Xr T, while the source map, target map and the 
product are s(z,g) = zg, t(z,g) = z , (z,g)(zg,h) = (z,gh). 

A groupoid T is said to be proper if (t, s) : T — > Tq x Tq is a proper map. An action of 
r on Z is proper if Z x T is a proper groupoid. 

Definition 2.1 Let A^ z4 Ao and r =$ Tq be groupoids. We say that T acts on A by 
automorphisms if both A and Ao are right T-spaces and the actions are compatible in the 
following sense 



• the source and target maps s,t : N — > No are T-equivariant, 

• x 9 y 9 = (xy) 9 for all (x,y,g) £ N x N x T whenever either side makes sense. Here 
x 9 denotes the action of g E T on x E AT. 

Given such a pair of groupoids (N,T), one can form the semi-direct product groupoid 
N x r, where the unit space is A"o, the space of morphisms is 

(N x r)i = {(x,g) E iV x r| x 9 makes sense}, 

the target, the source, the multiplication and the inverse are defined by 

t(x,g) = t(x), s(x,g) = s(x 9 ), (x,g)(y,h) = (xy i9 \gh), and {x.g)' 1 = ((x 9 )' 1 ,g~ 1 ). 

Definition 2.2 A crossed module is a groupoid morphism 




where A" z4 A*o is a bundle of groups, together with an action of T on A" by automorphisms 
such that 

(i) (p(x 9 ) = (p(x) 9 for all x E A" and g E T such that x 9 makes sense; 

(ii) x^ 9 ' = x y for all composable pairs (x,y) E A2. 

Here (p(x) 9 := g~ 1 (p(x)g and x y := y~ 1 xy. For short, a crossed module is denoted by 

N^T. ' 

A standard example of crossed modules is the inertia groupoid. Let r ^ To be a 
groupoid and ST = {g E T| s(g) = t(g)} be the space of closed loops in T. Then the 
canonical inclusion ST — > T, together with the conjugation action of T on ST, forms a 
crossed module, where the crossed-product groupoid ST x T is called the inertia groupoid 
and is denoted by AI\ 

Definition 2.3 Let A^ — ► T and N' — > T' be crossed modules. A crossed module morphism 

r : (N — > r) — > (N' — > T') is a commutative diagram of groupoid morphisms 




satisfying the condition 



t(x 9 ) = t(x) t ^ 9 ' , for all compatible x E A", g E T. 



(4) 



Given a crossed module A^ — > T, since 99 maps A^ to ST, we have a natural crossed 
module morphism from A" — > T to Sr — > T. 
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2.2 C-spaces and sheaf cohomology 

Let C be a category. By a C-space, we mean a contravariant functor from the category C to 
the category of topological spaces. Similarly, one defines a C-manifold. Consider a C-space 
M,. Let Cm. be the category whose objects are pairs (i, U), with i € Cq and U an open 
subset of Mi, such that morphisms from (i,U) to (j,V) consist of those / € Home (J, «') 
for which /(£/) C V. By definition, an abelian presheaf on the C-space M. is an abelian 
presheaf on the category Cm. , i-e. a contravariant functor from the category Cm, to the 
category of abelian groups. A presheaf A on M. restricts to a presheaf Ai on each space 
Mi . We say that A is a sheaf if each A% is a sheaf. 

More concretely, a sheaf .A on M. is given by a family {A l )i^c such that A* is 
a sheaf on Mj, together with restriction maps /* : A 3 (V) — » .4*(£/), for each / € 
Home M ((i, C/), (j, V)), satisfying the relation (/ o g)* = g* o f* [20] . In a similar fashion, 
one defines the notion of a sheaf over a C-manifold. Note that a big sheaf over the site of 
all smooth manifolds naturally induces a sheaf on a C-manifold. For instance, the sheaf 
of real- valued smooth functions H, the sheaf of S^-valued smooth functions S , and the 
sheaf of g-forms Q q (for fixed q) are examples of such sheaves. 

Assume that A is a sheaf on a C-space M.. In order to define cohomology groups 
H*(M.,A), one needs an extra structure on C. 

We say that a category C is a generalized simplicial category if every object k G Co is 
labeled by an integer deg(fc) € N (in other words, there is a functor from the category C 
to the groupoid NxN^lN), and moreover it is endowed with a set A C C\ and e : A — > Z 
satisfying 

(i) Afc is finite for all k £ Co; 

(ii) for all / € A deg(/) = 1, where deg(/) = deg(t(/)) - deg(a(/)); 

(iii) for all / € Ci, 

£ e(/W) = 0. 

f°f"=t 

f'.f'eA 

Note that the sum in (iii) is finite due to (i). 

Given a generalized simplicial category C, a C-space M. and a sheaf A over M., let 

C n {M.;A) = e degk=n A{M k ). 

Then C* (M, ; .A) is endowed with a degree 1 differential 

du; = J2 e(/)7*w, 

/eA fe 

Vo; € »4(Mfc). It is simple to check that d 2 = 0. Then we obtain a cochain complex 
(C*(M.;A), d). By Z*(M.; A) we denote its space of cocycles and M*(M.;A) the coho- 
mology group. 

Now given a complex of sheaves over M,, bounded below: Aq — ► At — > A.2 — > • • • , then 

C*'«(M.;.4.) := C p (M.; A q ) = ® degk = P A q (M k ) 

is endowed with a double complex structure with differentials d and 9. We denote by 5 
the total differential (— l) p d + d, and by H*(M.; A.) its hypercohomology groups. 

11 



For a sheaf A on M,, let A. be a complex of sheaves over M, which is an injective 
resolution of A. Then H*(M,;A) is defined to be H*(M.; A.), called the sheaf cohomology 
group of M. with coefficients in A. 

A particular case is the following: if M. is a C-manifold and A q = £l q : 17° — ^ ri 1 — ^ 

CI 2 — >• • • • is the de Rham complex of sheaves, the group H*(M.; 0*) is called the de Rham 
cohomology of M. and is denoted by H^ R (M,). It is isomorphic to H*(M.;M). 

2.3 Simplicial spaces 

Recall that the simplicial category, denoted by A, has as objects the set of non- negative 
integers, and HomA (&,&') is the set of non-decreasing maps from [k] to [k ! ], where [k] = 
{0, . . . , k}. A A-space is thus called a simplicial (topological) space, and a A-manifold is 
a simplicial manifold. 

In a down-to-earth term, a simplicial space is given by a sequence M. = (M n ) ng pj of 
spaces, and for each / G Hom^(k,n), we are given a map (called face or degeneracy map 
depending which of k and n is larger) / : M n — > M/% such that fog = g f. 

Similarly, denote by A the category obtained from A by identifying / : [k] — > [n] with 
/' : [k] — > [n] whenever both / and /' are constant. We will call A the reduced simplicial 
category. 

A groupoid naturally gives rise to a simplicial space. To see this, consider the pair 
groupoid [n] x [n] =S [n]. For a groupoid r =$ Tq, let T n = Hom([n] x [n], T) be the space of 
homomorphisms from the pair groupoid [n] x [n] =4 [w] to T. Any / E HomA(fc, n) gives rise 
to a groupoid homomorphism from [k] x [£;] z4 [fc] to [n] x [n] ^4 [n], again denoted by /. It 
thus, in turn, induces a map / : r„(= Hom([n] x [n], T)) — > rj,(= Hom([fc] x [k], T)), which is 
the "face/degeneracy" map. Note that T n can be identified with the space of composable 
n-tuples: T n = {(gi, ■ ■ ■ ,g n )\ 9l'"9n makes sense} since the groupoid [n] x [n] =3 [n] 
is generated by elements (i — l,i) (1 < i < n). Hence any groupoid morphism from 
[n] x [n] ^4 [n] to T zz| Tq is uniquely determined by the image of each element {i — l,i), 
which is denoted by gi (1 <i <n). 

Moreover, the simplicial space structure descends to a reduced simplicial structure 
when the source and target maps coincide, i.e. when T ^ To is a bundle of groups. 

Recall that the simplicial category A is equipped with a natural generalized simplicial 
category structure. The degree map is obviously the identity map Ao — > N. For all fc€N, 
let e\ : [k] —►[&+!] be the unique increasing map which omits i (i = 0, . . . , k + 1): 

ef(0) = 0, . . . , e\{% - 1) = i - 1, e\ (t) = i + 1, . . . , £j fc (A0 = fc + 1. 

We will omit the superscript k if there is no ambiguity. Let e(ej) = (— 1)\ Then the pair 
(A, £•), where ^ = {e^| i £ [A; + 1]} is a generalized simplicial structure on A. For sheaf 
cohomology of simplicial manifolds, we refer the reader to \42\ [22] for details. 

Suppose now that C and C are two generalized simplicial categories. Then the product 
C" = C xC is naturally a generalized simplicial category, where deg(fc, I) = deg(fc) + deg(Z), 
A" = A'x {1} U {1} x A and e(f, 1) = e(f) for all (/, 1) G A fc ' x C,, e(l, 5 ) = (-l) do ^e(<7) 
far all (1,0) eC k 'xAi. 

In particular, A x A is a generalized simplicial category. More precisely, if d' = 
Si=o ( — l) l£ 'j i s * ne differential with respect to the first simplicial structure (as above 
£ i '■ [k] — * [^ + 1] i s the increasing map that omits i) and d = ^2 i=0 (— 1)*^ is the differential 
with respect to the second simplicial structure, then 9 = <9' + (— 1)9 is the differential for 
the bi-simplicial structure. 
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2.4 F-spaces 

Let us now consider an extension of A. Denote by F the category with the same objects 
as A, but HoniF(/c, n) consists of Hom(Ffc, F n ), where F n is the free group on n generators. 
More concretely, any element of Hom(Ffc,F n ) is given by a fc-tuple w = (w\, . . . ,u>k) of 
words in x 1 , . . . , s„ . Denoting by w the corresponding element of Hom^fe, n), we have 
the relation w'oiv = w'ow, where (w'ow)i = w'oWi consists of the word obtained from Wi 
by substituting each occurrence of Xj by w'a ■ 

To see that F extends the category A, for any / € Hom^(fc,n), let / € Homp(fc,n) be 
the morphism 

f(xi) = sc/( i _ 1 ) + i • • • Xf(i) , i = l,...,k 

(with the convention fixi) = 1 if f(i — 1) = f(i))- One immediately checks that fog = fog. 
Another way to explain the inclusion A C F is as follows. Any / £ Hom^(A;,n) gives rise 
to a groupoid homomorphism from [k] x [k] =t [k] to [n] x [n] ^ [n], again denoted by /. 
Let t : [n] x [n] — » F n be the unique groupoid morphism such that (i — l,i) maps to Xj. 
Then / is the unique group homomorphism such that the diagram 

[fc]x[fc]J-^F* 

/ 
[n] x [n] -^—t- F„ 

commutes. 

As above, a F- (topological) space is a contravariant functor from F to the category 
of topological spaces. If G is a topological group, then we obtain an associated F-space 
by setting G n = Hom(F n ,G) (= G n ). In particular, since F extends the category A, 
G. = (G ra ) ne N is a reduced simplicial space and therefore a simplicial space. The simplicial 
structure can be seen, as in Section [273| by considering G as a groupoid. 

2.5 FA-spaces 

We now introduce a category FA. Objects are pairs (k, I) € N 2 . To describe morphisms, 
let us introduce some notations: let X^ i be the groupoid F^ x ([/] x [I]) =3 [I], the product of 
the free group F^ with the pair groupoid [I] x [/] =3 [1]- Then we define Hom((£;,Z), (k',l')) 
as the set of groupoid morphisms / : Xj.j — > Xyy such that the restriction of / to the 
unit space, again denoted by / : [I] — > [I'], is a nondecreasing function. In particular, for 
k = we recover the simplicial category A and for / = we recover the category F. We 
also note that the sub-category of FA consisting of morphisms / : X^i — > Xy y of the 
form / = (/i,/2), where /i : F& — > F^/ is a group morphism and $2 : [/] x [/] — > [/'] x [/'] 
is a groupoid morphism whose restriction to the unit spaces [/] — > [/'] is nondecreasing, is 
exactly isomorphic to the product category F x A. 

To understand the category FA in a more concrete way, consider the following arrows 
of the groupoid Xk,i'- 

5= (a, 0,0), 7i = (l,0,t), (5) 

where a G F*. and i = 0, . . . , I. They generate X^i since any arrow in X^i can be written 
in a unique way as 

(a,i,j) =7~ 1 a7 i , (6) 
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where a G F^. Consider any morphism in Hom.f A ((k,l),(k' ,1')), whose restriction to 
the unit space is denoted by / : [I] — > [/']. Assume that under this morphism, we have 
a i-> (^(o),/(0),/(0)) G Xfc/,1/ and 7i ^ («i,/(0),/(i)) G X k ,y, where V G Hom(F fe ,F fc ,), 

/ G HoniA(M')) and « = ( u o,--- ,Ui) G (F fe /) m . Thus 

(a,i,j) =7 J ~ 1 o7j ^ {u~ l ip(a)uj,f(i),f(j)). 

Note that the triple (0, u, /) is uniquely determined modulo the equivalence relation: 
(-0, u, f) ~ (-0', u', /) if ip'(a) = ip(a) v and v! i = v~ x ui for some v G Ffc. 
We summarize the above discussion in the following 

Proposition 2.4 Houip A ({k,l), (k',l')) can be identified with triples (ip,u,f), where ip G 
Hom(Fj,,Ffc/) ; / G Hom^ {1,1'), and u = (uq, . . . ,ui) G (F^/)' +1 ; modulo the equivalence 
relation (ip, u, f) ~ (ip', v! , f) if and only iftp'(a) = tp(a) v and u\ = v~ x Ui for some v G F&. 
The composition law of morphisms is then (ip',u', f')o(ip,u, f) = (ip" , u" , f") , where 
iP" = iP'oiP, f" = f'of and u'( = ip'(ui)u' m . 

2.6 A 2 -spaces 

Next we define a category A 2 as follows: objects are pairs of integers (k,l) G N 2 . 
HomA 2 ((A;, I), (k', I')) consists of triples (a,b,c) such that a G {0} U Horn a (/c, A/), b G 
{0} U Hom A (Z, k'), c G Hom A (/, I'), and either a = or b = 0. 
We define the composition as follows. 

(a', 0, c')o(a, 0, c) = (o'oo, 0, doc), (a', 0, c')°(0, b, c) = (0, a'ob, doc), (0, b' , c)o(a, b, c) = (0, b'oc, doc) 

The associativity can be checked easily and is left to the reader. 

It is clear that the bi-simplicial category A x A embeds into A 2 by (a, c) G 
Hom A (£;,&') xHom A (U') =B.om AxA ((k,k'),(l,l')) i-> (a,$,c) eRom A2 ((k,k'),(l,l')). 

Let us now define a category A 2 , which has the same objects as A 2 , and whose 
morphisms are obtained from morphisms of A 2 by identifying (0,6, c), (0, b',c), (a,$,c), 
(a',$,c) whenever a, a', b and b' are constant functions. The resulting element is denoted 
by ®(k,i),(k',i'),c, or simply by C if there is no ambiguity. One checks directly that this 
definition makes sense and that c >o(a, b, c) = c > oC , (a' , b' , c')oO c = c ' oC . 

The category A 2 embeds into FA as a subcategory. Indeed, to a triple (a, b, c) G 
HoniA 2 ((A;, I), (k f , I')) one associates a triple F(a,b,c) = (ip a ,Ub,c) G H.om.v A ((k,l),(k',l')) 
as follows. Denote by Xi the generators of F&, and let yi = X\ ■ ■ ■ x^, with the convention 
y = 1. Let 

l/>a(Vi) = Val^Vaii) and ( u b)i = Vb(i), (?) 

where, by convention, a(i) = if a = 0. Then (a,b,c) »-> (ip a ,ut,c) is injective, and a 
simple calculation shows that F((a',b',d)o(a,b,c)) = F(a',b',d)oF(a,b,c). 

Note also that A x A C A 2 by (a, c) i-> (a, 0, c). 

The above discussion can be summarized by the following diagram, where all maps are 
embeddings except for the two horizontal arrows on the left: 



Ax A- 



■* A x A- 



■*FxA 



A 5 



" 
-^Ao 



^-FA 
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2.7 The FA- and bi-simplicial spaces associated to a crossed module 

We show that a crossed module A — ► T naturally gives rise to a FA-space. Recall that 
every groupoid T gives rise to a crossed module ST — > I, with T acting on ST by conju- 
gations (see Section [2TT]) . Let (A x T)^/ be the space of morphisms of crossed modules 
from (SXkj — > X k> i) to (A — » T). Since a groupoid morphism / : X k> i — » Afc/// induces 
a crossed module morphism from (SX k j — ► -Xfc,z) to (SXyy — ► Xyy), we obtain a map 
/ : (A x r)*./,,/ -> (TV x r) M . Hence, (iV x T).. = ((iV x r) fcj/ ) (fc/)eN 2 is endowed with a 
structure of FA-space. 

To see this FA-space (A x T).. in down-to-earth terms, let r G (JV x T)kj be an 
arbitrary element, which corresponds to a commutative diagram of groupoid morphisms 

SXki >■ Xk i 



N- 



satisfying Eq. ([4]). Consider Ffc as a subgroupoid of SXk,i =4 [I] by identifying Ffc with 
F fc x {(0,0)}, and let h : ¥ k -> iV be the restriction of r : SX fci j -> N to F fe . And let 
9i = T {li)i i = 0, . . . , I, where ji is as in Eq. ([5]). Using Eq. ([6]), for elements in SX k j, 
the map r is given by 

r (a, », i) = T ((a, 0, 0) 7 * ) = h(a) 9 * , Vo £ F fc , i = 0, . . . , I, 

while for elements in Afc^, the map r is then given by 

r{a,i,j) = r(7 J " 1 a7 i ) = g~ X r^)gj = g~ l ip{h{a))gj, Va G F fc ,i, j =0,...,l. 

Note that the pair (h,g) is not unique and it is uniquely determined modulo the 
equivalence relation (h,g) ~ (h',g'), if h'{a) = h(a) r and g\ = r~ l gi for some r G T. Also 
note that Hom(Ffc, A) can be naturally identified with Afc by identifying h G Hom(Ffc, A) 
with (h(w\), . . . , h{wk)) G Afc, where tui, . . . ,w k are generators of Ffc. Hence it follows 
that (A x T)k t i is isomorphic, as a space, to the quotient of 

{(xi, . . . ,x k ;g , . . . , 9l ) G N k x r m | t{ Xi ) = t( 9j ) Vi, j} (8) 

modulo the equivalence relation 

(x 1 ,...,x k ;g ,...,gi) ~ {r~ X xir,... ,r~ 1 2;fcr;r~ 1 #o J • • • ,r~ l g L ). 

A simple calculation shows that the FA-structure on (A x ]?).. is given by 
(ip,u,f) (ti,g f ) = (h,g), where 

h(a) = h'(ip(a)) and g { = ti(ui)g' f ^. (9) 

Here (ip,u,f) is a triple defining a morphism in HomFA((A;, 0> (^MO) as m Proposition 
12.41 Since any FA-space is automatically a bi-simplicial space, (A x r)^ is naturally a 
bi-simplicial space. On the other hand, for any fixed k, the groupoid T acts on the space 
Afc. Hence we obtain a simplicial space 

• • • Afc x r 2 ^ Afc x ri =s Afc x r , (10) 
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where 

N k -xTi = {(xi,...,x k ;gi,...,gi) G N k xT l \ t{x\) = ■■■ = t(x k ) = t(g x ) , g x ■ ■ ■ gi makes sense}. 

Moreover, for any fixed I, we get a simplicial structure on N. x T; since N is a groupoid. 
In fact, N. x r. is a bi-simplicial space. Introduce a map 

$ : N k x T, — ► (iV x r) fc ,, 
(xi,...,x k ;gi,...,gt) h-> [(<ei, . . . ,x fc ;t(:ci),3i,3i#2,- . . ,gi • • •#)]. (11) 

It is clear that $ establishes an isomorphism between N k x T; and (iV x r)^ as topological 
spaces. Thus it follows that N. x T. inherits a A2-structure, which is the pull-back of the 
A2-structure on (N x T).. via $. The proposition below describes some of the morphisms 
of this A2-structure, which are useful in the following sections. 

Proposition 2.5 For any f G HomA 2 ((fc, I), (k',l')), let f : N k > x Ty — ► iV* X T;, 
(x' 1; . . . , ajjt'fl'i' • • • ' #z) l— * ( Xl ' • • • ' x k'->9i-, ■ ■ ■ 1 9i)> be its corresponding map. Then 

1. if f = (0,6,c), then gi = (x' 6( ._ 1)+1 • ••<( i) f' 1 "' ff ^- 1) ^-i)+i " "^(i) and x * = 

%c(0)+l)>' md 

5. i/ / = (a, 0, c), t/ien x 4 = < (i _ 1)+1 ■ ■ ■ < (i) and ffi = 9' c{l - 1)+1 ■ ■ ■ ^ (4) • 

Proof. This follows from an elementary verification, which is left to the reader. □ 

The following is an immediate consequence of Proposition 12.51 (2). 

Corollary 2.6 The map ^ is an isomorphism of bi-simplicial spaces, where the bi- 
simplicial structure on the left-hand side is the standard one described above and the 
bi-simplicial structure on the right-hand side is induced from the A2- structure. 

2.8 Cech Cohomology 

Let us now define Cech cohomology. We refer the reader to [12] for the particular case 
of C = A; proofs of assertions for the categories A 2 and A2 are essentially the same and 
will be omitted. Given a category C equipped with a generalized simplicial structure A, 
assume that we are given a sub-category C' such that 

(i) C contains A; 

(ii) C is finite for all k G Cq. 

Note that in this case A k is necessarily finite for all k G Co; conversely, if A k is finite for all 
k G Co, then the sub-category generated by A satisfies (i) and (ii) above. For instance, in 
the case of C = A, one can take C to be the pre-simplicial category A', i.e. Hom^'(A;, k') 
consists of (strictly) increasing maps [A;] — > [k'\. For C = A2, C will be the set of degree 
> morphisms (recall that deg(/) = deg(t(/)) — deg(s(/))). The reason why we define C 
this way is that we need morphisms f a (see Eq. (|12p ) to belong to C . 

An open cover of a C-space M. is a collection (U ), indexed by k G Co such that 
U k = (U k )i<zj k is an open cover of the topological space M k . A C'-cover is an open cover, 
together with a C'-structure on 7. such that for all / G C'\ and all i G h{f)i fiJJi) C Uj,*. 
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Given any open cover, there is a canonical C'-cover which is finer. Indeed, let A& be the 
set of families A = (A/)/ 6 c' fe such that A/ G ^s(f)- Let V k = ^feC' k f~ l (U^ ). This is an 
open subset of M k since it is the intersection of finitely many open subsets. Moreover, A. 
is endowed with aC'-structure, by (h\) g = \h ag , V/i & C[, and it is straightforward to check 
that the cover (aU k ) defined by oU k := (V k )\eA k , is a C'-cover, called the C'-refinement 
of(U k ). 

Now given a C'-cover (U k ), let M' k = Mi & i k Uf . Then M.' is endowed with a C'-structure. 
Moreover, any sheaf A on M. induces a sheaf on M.', again denoted by A, by A(U) = 
Uiel k A(U nU k ) (U is any open subset of M' k ). 

Since C is a generalized simplicial category, one can define C*(M' m ;A), Z*(M' m ;A) and 
W(M',;A) as in Section E2J These groups will be denoted by C*(U;A), Z*(U;A) and 
H*(U;A) respectively. Then the Cech cohomology groups H*(M.;A) are, by definition, 
the inductive limit of the groups H*(U;A), when ti runs over all C'-covers of M. (the 
inductive limit being taken in the generalized sense of limits of functors, since a C'-cover 
may be refined to another by several different ways). 

Note that the Cech cohomology groups do not depend on the choice of C satisfying 
(i) and (ii) above. Indeed, let C" be the category generated by A. Since any C'-cover is a 
C"-cover, and since any C"-cover admits a C'-cover which is finer, it follows easily that the 
Cech cohomology groups defined using C coincide with those defined using C". 

When C = A, A 2 or A2, the Cech cohomology groups can also be seen as the co- 
homology groups of a "canonical Cech complex" C*(M.;A), which is, by definition, the 
inductive limit of the complexes C*{<jU]A), where hi runs over all covers of the form 
U k = (U k ) x€ M k i and U k is an open neighborhood of x; the cover U' is said to be finer than 
U if (U') k C U k for all k and x € M^ (see [32] for details). In the sequel, Cech cochains 
(resp. Cech cocycles) should be understood in the above sense. 

3 The transgression maps 

The purpose of this section is to show that there is a natural transgression map on the 
level of cochains for the cohomology of a A2-space. As a consequence, we prove that for 
a crossed module N — > T there exist transgression maps 

T:M*(T.;A.)^M*((N^T)..-A.), 

and 

7i : H*(r.;A) -► H*" 1 ^ x r).; A.), 

and similarly for Cech cohomology. Throughout this section, M„ denotes a A2-space. 

3.1 Construction of the transgression maps 

For any fixed k G N, consider the restriction of the category A2 to the objects of the form 
(k,l) (I G N), and to morphisms of the form Id X (/ X /) : ¥ k x [l] x [l] ^¥ k x [/'] x [I'}, 
where / : [I] — ► [I'] is non-decreasing. This category is isomorphic to A. Hence we obtain 
a simplicial space M kj , = (M k j)[<=fq. Similarly, M, tk = (M;^)^^ is also a simplicial space. 

Let Ao — > A\ — > ■ ■ ■ be a complex of abelian sheaves over M.., and C*(M..; ^4.) (resp. 
C*(Mq^;A.)) its associated cochain complex on M„ (resp. Mo j# ) as in Section [2T2l The 
main goal of this section is to construct chain maps T : C*(Mo t ,;A.) — > C*(M..;A.) 
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and T\ : C*(Mo ; .;A) — > C* 1 (Mi i# ;.A.). Thus we construct natural transgression 
maps T : H*(M ,.;A) -> H*(M„;A), and T x : H*(M ,.;A) -» H*- 1 (Afi > .; A). 
As a consequence, for an abelian sheaf A over M.., we obtain transgression maps 
T : iT*(M ,.; A -» tf*(M..; A and T x : H*(M y,A) -► fP-^Afi,.;.*). Similarly, there 
are chain maps T : C^Mo,.; A -► (^(M..; A and T x : (^(Mo,.; A -» (^(Mi,.; A, 
which induce transgression maps for Cecil cohomology T : iT*(Mo i# ;A — > iT*(M..;A 
and Ti : ir(M ,.; A -» H*~ 1 (M 1 y,A) as well. 

We first give the construction for sheaf cohomology. First of all, we need to introduce 
some notations. 

Recall that a (k, /)-shufne is a permutation a of {1, . . . , k + 1} such that <r(l) < • • • < 
o~{k) ando"(fc + l) < ••• < a(k + l). One can represent a (k, Z)-shufne by a sequence of balls, 
k of which being black and I of which being white. More precisely, B a = <t({1, . . . , k}) 
and W a = o~({k + 1, . . . , k + l}). The signature of a can be easily computed by the formula 

Denote by S k i the set of (k, Z)-shufnes. For any a € S k i, we define f a G HoniA 2 ((0, fc + 
0,(M))by 

U = (fH,b ff , < f), (12) 

where W is the map [k + I] — ► [fc] given by 6 CT (i) = #(B a D {1, . . . , i}), and c CT is the 
map [A; + /] — > [/] given by c CT (i) = #(W a (1 {1, . . . , i}), i = 0, . . . , fc + I. Thus / CT induces 
fa- : M^j — > M 0i fc+z- Therefore, we obtain a map /* : A q (M 0ik+ i) —* A q (M k: i). Taking the 
direct sum over all I and q, we obtain a map 

J: : C*(M 0; .; A) - C- fc (M M ; A). 

Set 

T fe = ^ e((7)/* : C*(M ,.; A.) - C*- fe (il4,.; A) 

(with To = Id), and 

T = ^T fc : C*(M ,.; A) - C*(M..; A) 

fc>0 

using the decomposition C*(M„; A.) = (S) k > C*~ k (M k yA.). 
For any fixed k > 0, by 9 and 3' we denote the differentials 

9 : C™(M fe ,., A)(= A(^M) — C p+1 ' 9 (M M ,A)(= A;(M fe)P+1 )), 

and 

9' : C>«(M. )fc , A)(= A(^M)) — CP +1 '«(M. ife , A)(= A(^W))> 
respectively, and by <5& = (— l) p d+9, we denote the total differential of the double complex 
C p ' q (M k y,A.). Note that C*(M„;A.) = J2 P+q +k=* ^g( M k, P ) and the total differential is 
(-l) k+p d+(-l) k d + d'. 

Lemma 3.1 Assume that M„ is a lS.-2-space, and A. is a complex of abelian sheaves over 
M... Then 

d'T k = T k+1 d+(-l) k 8T k+1 and (13) 

d'T k = T k+1 5 + (-l) k 5 k+1 T k+1 , (14) 

where both sides are maps from C*(Mo i# ; A) to C*~ (M k+ iy,A,). 
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Proof. Let us first show that Eq. (jMI) follows from Eq. (|13l) . For any w € 

C fc+ ^(M ,.,A), we have 

r fe+ i<W + (-l) k S k+1 T k+l u = T k+l ({-l) k+l d + d)u + (-l)*((-l)'-id + d)T k+1 u; 

= T k+l du + (-l) k dT k+1 u. 

Here we have used the fact that T k+ \ commutes with d since T k+ \ is a summation of 
pull-back maps. 

Now we prove Eq. (JT3J). For any w G C fc+/ ' <? (M 0) .,^.), 

fc+z+i 

In the sum above, we distinguish three cases: 

1) (j = 0, <t _1 (1) < ib + 10 or (j = p, j7 _1 (jfe + / + 1) < k + ljl or (1 < j < k + I, 
o- 1 (i)<fc + l,o- 1 C7 + l)<fc + l); 

2) (j = 0, ff-^l) > k + 2J| (j = k + I + 1, a" 1 ^ + J + 1) > k + 2]3 or (1 < j < k + I, 

a- 1 (j)>k + 2,a- 1 (j + l)>k + 2); 

3) 1 < j < k + 1 and 

(a) either cr" 1 ^) < k + 1 and cr _1 (j + 1) > fe + 2 

(b) or cr^C?) > k + 2 and a _1 (j + 1) < fc + 1. 

We show that the terms in 1) are equal to d'T k u>, the terms in 2) are equal to 
(— 1) +1 dT k+ \ and the terms in 3a) cancel out with those in 3b). 

Let us examine the terms in 1). We have 

fc+l 

d%u = ^(-lr?;^ 

fc+l 

= E E (-i)"M^C/> 

m=0 r£S k ,i 

Given (j, cr) as in 1), we define (m,r) as follows: m = o"" 1 ^'), with the convention 
cr _1 (0) = 0, and r is uniquely determined by the equation 

£joT == (ToSfn. 

In other words, if the shuffle a is represented by a sequence of p = k + I + 1 balls, k + 1 
of which being black and I of which being white, then r is obtained from a by removing 
the j-th one (which is black). 

We need to check the following equalities: 

(i) {-l) m e{r) = (-l)Ma), and 



Hhus, ct _1 (1) = 1 

2 thus, <x~\k + l + l) = fc + l 

3 thus, a _1 (l) = fc + 2 

4 thus, cr" 1 (k + I + 1) = k + J + 1 
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(ii) fiF j u = e' m ftu. 

To show (i), let p = k + I + 1 and (jj )P the circular permutation (J,j + 1, . . . ,p). 
Then e p oT = aJ^oEjoT = oj^oOoE m = (a~ p0 a a m , p )oE p . Thus e(r) = eO^ocroe^p) = 
(-iy- m e(a). 

To show (ii), it suffices to prove that f a °£j = e' m of T . Now 

fffo£j = {Q,b ff ,Cff)o(l&,Q,£j) = {Q,bffo£j,CaoEj), and 

£ m°Jr = ( £ mj 0, ld)o(0, T , C T ) = (0, E m ob T , C T ). 

Hence it remains to check that b a °£j = £ m °b T and c a oEj = c T , i.e. that 



#(B a n{l,..., £j (i)}) = e m (#(B T n{l,...,i})), and 

#(w ff n{i,...,ej(f)}) = #(w T n{i,...,i}), 

which is immediate from the description of B T and W T in terms of B a and W a . 

The terms in 2) are treated in a similar fashion: define (to, r) by to = <7 _1 (j) with the 
convention <t _1 (0) = k + 1, and r by the equation EjoT = (JoE m . 

For the terms in 3), it is easy to check that the term corresponding to (J, a) cancels 
out with (J, Tjj+ioO"), where Tj j+i is the transposition which exchanges j and j + 1. D 

One can introduce transgression maps for Cecil cohomology in a similar fashion. 
Namely, if U := {U ' ) is a A^-cover of M.., then for any fixed /c, (U ') is a pre-simplicial 
cover of M& # , and (U l,k ) is a pre-simplicial cover of M. ^. They are denoted, respectively, 
by^ fc ' # andV> fc . 

Let M£ z = IIj e / fe jf^ ' . Then M.'. is endowed with a A' 2 -structure. Hence for any fixed 
k, M' k9 and M' m k are pre-simplicial spaces. For any a £ Sk,i, since f a G HomA 2 ((0, fc + 

/), (fc,Z)), one has a map £ : M^ -» Af£ )fc+J . Thus /* : >t(Af^ fc+ ,) -> .A(M^). Set 
T fe = ^ e(a)7^(7*(^^^)(=C'*(M;.;^))^C*(^•,^)(=C^ fc (M^;^)) 

(with To = Id), and 

T = Y,T k - C*(U°'\A)(= C*(M> >9 ;A)) -> C*(W,.4)(= C*(M.'.;A)), 

fc>0 

using the decomposition C*(Mj.;.4) = ®k>oC*~ k (M' k 9 ;A). For any fixed fc > 0, by d 
and d', we denote, respectively, the differentials 

d : (>(£/<•, ,4)(= ^(M^)) -^ C7 p+1 (^'-,^)(= A(M^ p+1 )), 

and 

9' : <>(W> fc ,.A)(= -4(M; fc )) — > (>+ 1 (W> fc M)(= A(M; +hk )). 

Note that C*(W, .A) = C*(M f „; A) = J2 P+k =* A ( M ' k ,p)> and the total differential is d + 9'. 
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Lemma 3.2 Assume that M„ is a A2-space. If A is an abelian sheaf over M„ and (U ') 
is a A' 2 -cover of M.., then 

d'T k = T k+1 d + (-l) k dT k+l , (15) 

where both sides are maps from C*(U°'*,A) to C*~ k (U k+1 ' m ,A). 

As an immediate consequence of Lemma I3.lti3.21 we obtain the following 

Theorem 3.3 Assume that M„ is a A2 -space. 

1. If A. is a complex of abelian sheaves over M„, then 

T:C*(M y,A.)^C*(M..;A.) (16) 

is a chain map. Therefore it induces a morphism on the level of cohomology 

T:H*(M ,.;A)^IHP(M..;A). (17) 

Similarly, given an abelian sheaf A over M.., then 

T:C*(M y,A)^C*(M..;A) (18) 

is a chain map, and therefore it induces a morphism 

T : H*(M y,A) -► H*(M..;A). (19) 

We call T the total transgression map. 

Considering the special case k = 1 in Lemma 13.11 and Lemma I3.2( we immediately 
obtain the following 



Theorem 3.4 Under the same hypothesis as in Theorem \3.3l 

1. if A. is a complex of abelian sheaves over M.., then the map 

7i : C*(M y,A.) -► C*-\M iy ,A.) (20) 

satisfies the relations: 

T x d + 8T 1 = 0, (21) 

Ti<5 + <5Ti = 0; 

and thus induces a morphism: 

T x : H*(M 0> .; A.) -► M*-\M iy ,A.). 

2. Similarly, for any abelian sheaf A over M„, 

T x : C*(M ,.;A) -► C*-\M iy ,A) (22) 

satisfies 

T x d + dTx = 0, (23) 

and therefore we have a morphism: 

T x : H*(M ,,;A) -> H*-\Miy,A). 

We call T\ the transgression map. 
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3.2 Transgression maps for crossed modules 

Let A — > T be a crossed module. Denote by M.. its associated A2-space (A x T)... 
Let N k = {( Xl ,...,x k ) € N k \ s{ Xl ) = ■■■ = s(x k )(= t(xi) = ■■■ = t(x k ))}. Then N k 
is endowed with a T-action, and the simplicial space associated to the crossed-product 
groupoid N k x T is precisely M k> ». As a special case, for fe = we get Mo,, = T. and for 
k = lwe get Mi,. = (TV x T).. When A = ST, M h , = (SF x T). = (AT).'. According to 
Theorem l3.3l for any complex of sheaves A over (A x T).., we have the total transgression 
map 

r:M*(r.;A)-+H*((JVxr%.;A)- 

In particular, we have 

T:4(r.)-^((jv.r)..). 

Recall that T = Y^ k T k , where 

T k = Y, £ (°)f: ■ C k+l (T.;A.) — » C((A fe x T).; A). 

Using Proposition 12.51 we obtain the following explicit formula for f a : 

Proposition 3.5 Let A — > T be a crossed module. Then\/a e S k \, the map f a : A^xT/ — > 
r fc+ ; is given fry 

fa(xi,...,x k \gi,...,gi) = («i,... ,Ufc+0, (24) 

where Ui = g a -i^) i/<7 _1 (i) > A: + 1, and u« = if I a;; (T - CT i ( - i - ) <: ' )>fc ' J<I " (J> ) otherwise. 

Example 3.6 If a is the (2, 2)-shume (1,3,2,4), then 

f<r(xi,x 2 ,gi,g2) = ((p(xi),g 1 ,cp(x 2 ) 9l ,g2)- 
We also have the transgression map: 

Ti : H*(r.; A.) -> H* _1 ((JV x r).; A). 
In particular, for any groupoid r =t Tq, we have the transgression map 

T x : H*(r.; A.) -> M*- 1 ((Ar).; A). 

Proposition 3.7 Lei A — > T fre a crossed module. Then the transgression T\ : 
H*(r.; A.) — > H* _1 ((A x T).; A) is given, on the cochain level, by 

p-l 

t x = ^(-1)7/ : ^(r P ) - A(A x r p _!), 

j=0 

where the map fa : N x T p _i — > T p is given fry 

fi{x;gi,...,g p -i) = (g 1: . . . ,gi,(p(x) 91 '" 9i ,g i+1 ,. . . ,g p -x). (25) 
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Remark 3.8 In the case of de Rham cohomology, the transgression T\ : £l q (T p ) — > £l q (Nyi 
T p _i) is defined by T\ = YmZq (~ 1)*//) w here fa is given by Eq. (J3j) - More generally, the 
map T fc : n q (T p ) -> ft«(iV fe x r p _ fe ) takes the form T fc = Eae5 fc , p _ fc e (°")^' where Jo is 
given by Eq. ([2]). 

Remark 3.9 Consider the case that T is a Lie group G. Then AG is the transformation 
groupoid G x G ^4 G, where G acts on G by conjugation. On the cochain level, the total 
transgression map for the de Rham cohomology becomes 

T:^(G.)^S12 fi ((G.G)..), (26) 

and the transgression map is 

^^(G.^n^GxG).). (27) 

On the other hand, there is a Bott-Shulman map [3(8] S(q*) g —* Q,^ R (G.). We have the 
following 

Conjecture The equivariant Bott-Shulman map <I> constructed by Jeffrey 
[32j [37] are compositions of the usual Bott-Shulman map with the total trans- 
gression map T, under which T% becomes <3?i in [32^137] . 

More precisely, the composition of the Bott-Shulman map S p (g*) G — ► Q,f R (G.) with 
T k : n 2 dR (G.) - 0^- fe ((G x G k ).) yields a map ^( *) G -» fi^~ fc ((G x G fc ).), which 
should be the simplicial counterpart of the maps 3>q in Section B8 of [37j . 

To end this subsection, we give a geometric description of the transgression map T\ : 
^(r.;^ 1 ) -> iJ^Ar.;^ 1 ), which was introduced in jB]. 

Given a topological groupoid T and an element a 6 -ff 2 (r.;<S 1 ), represent q by an 
S 1 -central extension 

S 1 -» f' -»■ r'. (28) 

Let L = T' x s i C be the complex line bundle associated to the 5 1 -principal bundle T' — * T', 
and L' — ► ST' its restriction to the subspace ST'. Then L' — ► ST' is a P-equivariant 
bundle, where the P-action is given by 7 • £ = 7^7 , for all compatible 7 G T' and £ € L'. 
Here 7 G P is any lift of 7. Thus L' — ► ST' is an 5 1 -bundle over AT' =£ ST', and hence it 
determines an element in i7 1 (Ar';6' 1 ). Since T' is Morita equivalent to T, AT' is Morita 
equivalent to Ar. Thus we obtain an element in ^(AT; S 1 ), which is denoted by r(a). It 
is a simple exercise to check that the element r(a) does not depend on the choice of the 
S 1 -central extension ()28j) . Hence we obtain a map 

rri^Cr.;^ 1 )— ^(AT.jS 1 ). 

Proposition 3.10 The map T\ coincides with the opposite of the map r. 

Proof. Represent an element a € -ff 2 (r.;5 1 ) by an S 1 -central extension as in Eq. (|28p 
above. Without loss of generality, we may assume that T' = T. Let (C/j) be an open cover 
of r such that T — > T admits a section over each C/j, denoted by (fi : Ui — > T. Then 
the Cech 2-cocycle Cijk € C 2 (U,S l ) associated to the central extension is defined by the 
equation 

tpi(g)tfj(h) = ipk(gh)cijk(g,h) (29) 
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(g G Ui, h G Uj, gh G [/&). Therefore, for all x G ST and g G T such that t(g) = s(x), 
x G Ui, g G C/j-, xg G [/&, x 9 E Ui, we have 

<Pi(x)<pj(g) = <p k {xg)c ijk {x,g) (30) 

Pj(9)tPl(x 9 ) = Vk(xg)cjik(g,x g ). (31) 

Comparing Eq. ([30]) and Eq. ([3~T]) . we get 

WigtoWnis)- 1 = WW ^' 3 ? . (32) 

Cijk{%] g ) 

The quantity J '"° \- ' ., thus does not depend on j and /c. Let us denote it by ifin(x,g). 

1J tC \ ^i? J 



Then Eq. ([32]) reads 

7'W(*(7)) = fMl^uil) 
for all 7 G (AF)jj , where (7,2?) 1— > 7 • p denotes the action of T on the principal bundle 
ST. This shows that t[c] = [ip]. 

On the other hand, (T lC )a(x,g) = c ^ff) = Vtofos) -1 - Hence T x = -r. D 

3.3 Multiplicative cochains 

Following the notations of Section 13,2] we assume that N — > T is a crossed module. 

Definition 3.11 Let A be an abelian sheaf over the bi-simplicial space N. xi T.. A 
cochain c G C n ((Nk X r).;«4) is said to be r-multiplicative (r > 1) if d'c = db for some 
(r — 1) -multiplicative b G C' n_1 ((A r fc + i x F),;A). For r = 0, every cochain is said to be 
O-multiplicative. 

In other words, c is r-multiplicative if d'c is a coboundary for the total complex 
(CP((N k+q x r).;^),5,0') P >o,i< 9 <r- 

From now on, we assume that A is a sheaf over the A2-space (N xi T).., and therefore 
it is also a sheaf over the bi-simplicial space N. x T.. The following lemma shows that the 
maps Tfc enable us to produce many multiplicative cochains. 

Lemma 3.12 Assume that to G C n (T.;A) satisfies du = 0. Then, for all k > 1, T^oo G 
C n ~ k ((Nj~ x F).,A) is 00 -multiplicative. 

Proof. We show, by induction on r, that T^uj is r-multiplicative for all k and all to as in 
the lemma. For r = 0, this is obvious. Let r > 1, and assume that the assertion is true 
up to (r — 1). According to Lemma [3.2] 8'T^uj = T k+ idu + (— l) k dTk + iuj = ±9T^. +1 a;. 
Since Tk+iuJ is (r — l)-multiplicative by the induction assumption, it follows that T^uj is 
r-multiplicative. □ 

Remark 3.13 It is easy to check that c is r-multiplicative if and only if c + dd is r- 
multiplicative. Hence one can talk about r-multiplicative cohomology classes. Therefore, 
any element in the image of T\ : H n (T,;A) — ► H n ~ 1 ((N x T),;A) is oo-multiplicative. 
In particular, for any groupoid T, any element in the image of the transgression map of 
Ti : H n (T.;A) -» H n - 1 (AF m ;A) is c»-multiplicative. 

For A = S 1 and n = 3, we are led to the following 
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Corollary 3.14 Let N — > T be a crossed module. For any e G Z 3 (r.;<S 1 ) ; let c = T\e G 
C 2 ({N x r).; S 1 ), b = -T 2 e G C 1 ((N 2 X r).; S 1 ) and a = -T 3 e G C°((N 3 x T).; 5 1 ). Then 
we have 

dc = 0, d'c = db, and d'b = da. (33) 

Such a triple (c, b, a) is called a multiplicator. 

Definition 3.15 For a crossed module N — > T, a multiplicator is a triple (c, 6, a), where 



cGC^iVxr).;^ 1 ), feEC^iVaxr).;^ 1 ) and a G C°((iV3 X r).;^ 1 ) such that Eq. ([33 
holds. 

Remark 3.16 Multiplicators are closely related to "multiplicative bundle gerbes" studied 
in |144I16|. They are also closely related to "simplicial gerbes" of Brylinski [TO], which was 
later further developed by Stevenson under the name "simplicial bundle gerbes" [38J. 

3.4 Compatibility of the maps T\ in Cech and de Rham cohomology 

Let N — > T be a crossed module, and N 14 Nq and r ^ To are proper Lie groupoids. The 
purpose of this subsection is to compare the two transgression maps T\ : ^ l+1 (r.;5 1 ) — » 
H^iN x r).;^ 1 ) and T x : H^(T m ) -» H l dR ((N x T).). First we state two general results. 



Lemma 3.17 Lei O^Z— s-,4— >23— >0 6ean exact sequence of abelian sheaves over a 
A2-space M... Then the diagram 

W(M y,B)—^H i - 1 (M 1 y,B) 



H i+1 (M y,l) -^^H\M iy ,T) 

commutes, where A denotes the boundary maps. A similar assertion holds for Cech coho- 
mology as well. 

Proof. Follows immediately from the definition of the boundary maps and the relation 

(HID. □ 



Lemma 3.18 Given an abelian sheaf A over a lS.2-space M„, the following diagram 

H i (M y,A)^^H i - 1 {M 1 y,A) 



H i {M y 1 A)^^H i -\M l y 1 A) 

commutes. 

Proof. For any sheaf iona space X, denote by A the sheaf such that A(U) = Y\ x€ u A x , 
i.e. a section of A over U consists of a (generally discontinuous) map x \—t f{x) G A x - As 
in [HI Lemma 7.2], let I(A) k > 1 = e *A k > l+l be the image sheaf [29] of A k > l+l under the 
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smooth map Eq : M k j+i — > M k) i, where Eq is the map corresponding to Eq : [I] — > [I + 1], 
i i— ► i + 1, Vi 

Define a A2-structure on 1(A)' as follows. For any / = (a, b, c) G HomA 2 ((fc, 0> {k',l')), 
let /' = (a',b',d) G HomA 2 ((A;,/ + l),(k',l' + 1)) be the unique element satisfying the 
conditions 

e °f = f'oEo, b'(0) = c'(0) = 0. (34) 

More precisely, a' = a, b'(i + 1) = b(i), c'(0) = 0, and c'(i + 1) = c(i) + 1 ,Vi > 0. 
For any U C M k ,u V C M k > )V such that f(V) C U, from Eq. (JHD it follows that 

]'{e,\V))Ce \U). Set 

/* = /'* : /(^'/(y)^ i fe '^'+ 1 (e- 1 (F))) — ► I(A) k '' l '(U)(^ i fc '''' +1 (e^ 1 (C/))). 

It is simple to see that this indeed defines a A2-structure on 1(A)'. 
Consider the diagram 

H^Mo^A) ^^H i ~ 1 (M 1 y,A) 



Hi-^Mo,.; U(A)) -^* H l - 2 (M lt .; U(A)) 

where U(A) = A/ 1(A) and the boundary maps A come from the exact sequence of sheaves 
-» 1(A) -> A -> C/(^) -► 0. 

The diagram is anti-commutative, and the left vertical map is an isomorphism for i > 2 
(see |42j ) . Similar assertions hold for Cech cohomology as well. Therefore, it suffices to 
prove the assertion for i = 1. The general conclusion follows from induction. Let us sketch 
an easy and direct argument below. 

We have that H (Mo,.; .4) = IF (Mo,.; .A), which consists of continuous sections 7 1— » 
(p(i) G A®' 1 satisfying the equation e^(p = s^cp + s^(p. Also, H°(Miy,A) = H°(M 1 y,A), 
which is the space of T-invariant sections A 1 '°(Mi j o) mv = ker(ei* — Sq). 

The maps T t : H^M^A) -» #°(Mi,.;.A) and T x : H l (M y,A) -» ^(Afi,.;^) are 
both equal to p*, where p G HomA 2 ((0, 1), (1,0)) is the morphism (0, Id, 0) (note that in 
the case of a crossed module N — > T, p coincides with the map <p : iV — > T). 

Let us explain why Ti = p* for instance in sheaf cohomology. Represent an element 
of i? 1 (Mo ) .;»4) by a map 7 1— > <p(t) as above. Let (A.) be an injective resolution of 
A. In the complex (& p> qAq(Mo }P ) , the cohomology class [<p] is represented by the cochain 
<p € «4.(Mo,i), where A(Mq j \) is viewed as a subspace of Ao(Mo t \) © Ai(Mo t o) using the 
injection A — ► .Ao- By definition of Ti, we have Ti(<p) = /*<p G A(Mi,o) where a G 61,0 is 
the unique (1, 0)-shufne. By definition of f a (see (fT2|) ). we have f a = p. □ 



Proposition 3.19 Ze£ iV — ► T be a crossed module, and N =£ JVo and T ^ To proper 
Lie groupoids. Denote by A the boundary maps in the induced long exact sequence of 
cohomology corresponding to the short exact sequence of sheaves 

-+ Z -+ K -* S 1 -+ 0. 



26 



The following diagram 



-i\ 



H^T.-S 1 ) ^H l - l {(N x r).;^ 1 ; 



Ti 



H i+1 (T.;Z) -^6*((N x r).;Z) 



H i+1 (T.;'. 



H^(r.) 



3i 



Ti 



■IP((N »r).;R 



commutes. Here the maps i are H*(—;Z) —* H*(— ; Z) ®R, andip are the natural isomor- 
phisms. Moreover, ifi>2, the maps A are isomorphisms. 



Proof. The fact that the first square commutes follows from Lemma [3. 171 The boundary 
maps A are isomorphisms because H 1 (T.;1Z) — H l (T,;1Z) = 0, for all i > 1, since T is 
proper [19]. Commutativity of the second square is obvious. Commutativity of the third 
square follows from Lemma [3.18( since the de Rham cohomology is isomorphic to the sheaf 
cohomology of R. □ 

Consider the special case that N = T = G is a compact, connected and simply con- 
nected simple Lie group, with G acting on N = G by conjugation. It is standard that 



H*(G.;S l )^H z (G.;S l ) = Z 



and 



H 2 ((G x G).;^ 1 ) ^ H 2 ((G x G).,Z) = Z. 

As a consequence of Proposition ^. 191 we see that the transgression map T\ : H 3 (G.; S 1 ) —>■ 
H 2 ((G x G).;S l ) is indeed an isomorphism. 

Corollary 3.20 Let G be a compact, connected and simply connected simple Lie group. 
Then the transgression map T\ : H 3 (G.;S l ) — > H 2 ((G x G).;^ 1 ) is an isomorphism. 

Proof. According to Proposition 13. 191 it suffices to show that T\ : Hj R (G.) — ► H% R ((G x 
G).) maps the canonical generator to the canonical generator. It is well known that the 
canonical generator of Hj R (G.) is given by A — SI G il 2 (G x G) © 3 (G) [HJ 05], where 
A = (01,62), Q = \{9, [0,0]) and (resp. 9) denotes the left (resp. right) Maurer-Cartan 
form on G. Here (•, ■) stands for the Killing form on g. According to Eq. ([3]), the image 
of A - CI by Ti is u - Vt e ft 2 (G x G) © ft 3 (G), where w = A - /*A and f(x,g) = (g,x 9 ). 
A simple calculation shows that 



[(g*9,Ad x g*9) + (g*9,x*(9 + 9))], 



(35) 



W\{x,g) z 

where (x, g) denotes the coordinate in G x G, and x*0 and g*9 are, respectively, the q- valued 
one-forms on G x G obtained by pulling back 9 via the first and second projections, and 
similarly for x*9. According to [6j, lo—Q, is indeed the canonical generator of H J^((GxG).). 

In 

5 Note that the transformation groupoid in [6] uses the left conjugation action. The map <f> : G xi G —* 
G k G establishing the groupoid isomorphisms from our convention to that in [6] is given by 4>(x,g) = 
(3,3 _1 ^)- 
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Remark 3.21 In [12], Brylinski and McLaughlin studied the transgression map from 
H 4 (BG) to H 3 (BLG), and the relation with Segal- Witten reciprocity law. It would be 
interesting to investigate the connection with our transgression map here. 

4 Ring structure on the equivariant twisted A'-theory 

In this section, we assume that 

(i) N — > T is a crossed module, where N =£ Nq and T ^ To are proper Lie groupoids 
such that the source (or target) map N —* Nq is T-equivariantly if -oriented (see 
definition below); and 

(ii) (c,b,a) is a multiplicator, where c G C 2 ((N x r).,^ 1 ), b G C 1 ({N 2 x r).,^ 1 ) and 
a£C°{(N 3 xrj.,5 1 ). That is, 

dc = 0, d'c = db, and d'b = da. 

The main purpose of this section is to construct a ring structure on the twisted equiv- 
ariant if -theory groups K* r (N) for any given multiplicator (c,b,a), and investigate how 
the ring structure depends on the choice of these multiplicators. 

4.1 2-cocycles and ^-central extensions 

Let us briefly recall how an 5 1 -valued 2-cocycle determines an 5 1 -central extension. Given 
a groupoid T z4 To, a cover U = (U k )keN of T. with U k = ([/_• )j 6 j fc , and a 2-cocycle 
c G Z 2 (crW;<S 1 ), c can be viewed as a family (cj), with i = (»0j*l>*2>*0lj io2, ^12,^012) G 
ig x if x I2. Here q is an 5 1 -valued function on some open set of IV The 2-cocycle c 
determines an S^-central extension 

5^f c Ar^ Hie/otf?, (36) 

where T c ^ n ie/o £7"P is the pull-back groupoid T[U°] =4 n ieio L/"P S iven b Y r [^°] = 
{(*, j,7)l hJ G J o and 7 G T^}. The groupoid f c =| LI ie/o Z7 2 ° is 

f c = {(fc,i,j, 7 ,A)| »,j g j ,*! g ii, 7 g r^nulxe S 1 }/ ~, (37) 

where ~ is an appropriate equivalence relation, ir(k,i,j,'y,\) = (i,j, 7), and the product 
on T c is defined by 

(«oi,«'o,n,7i,A)(ii2,«'i,i2,72,A<) = («02,«o, £2,7172, A/iCj(7i,7 2 )). (38) 

We refer the reader to [42] for details. 

Recall that (^"(r.jiS 1 ) = limijC n (ah(;S 1 ), where U runs over all covers of the form 
(Z7*) 7e r fc , 7 £ P 7 fc , and W is finer than W if 17'* C U* for all fc and all 7 G T fc . 

Lemma 4.1 For any open cover U ofT., if c , c 2 G Z 2 {aU;S 1 ), and b G C 1 (aU;S 1 ) 
satisfy c 1 — c 2 = db, then there is an isomorphism of S 1 - central extensions 

$% bcl : (f Ci -^ r Ci ) — ► (f C2 -^ r C2 ) 

satisfying the following properties: 
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(a) $K y ,o$U = $W w h ere c l _ g2 = Q5 and c 2 _ c 3 = 9& / ; 



(7>J if b = da for some a G C ,0 (<7^/;5 1 ) ; then ^ : T c — > T c is i/ie multiplier by 
a{t{g))a(s(g))- x ,Mg G f c ; and 



fcj i/W is a refinement oflA and d , d and b' are the images of c 1 , c 2 and b under the 
canonical map C*(o-U;S l ) — > C*(o~W;S ), then the following diagram 



pc' 1 ^ pc 1 



c ' 2 , 6 /, c /i 



*"„ 1 



— 2 

-s- pc z 



commutes, where the horizontal maps are Morita morphisms of S 1 -central exten- 
sions. 

PROOF. In terms of notation ([371) . we denote by ip\ and Lp\ the maps 

<p\(h3n) = [(M,j,7,i)] er c \ ^(i,i, 7 ) = p,i,i, 7,1)] ef c2 . 



-2 7T „,.2 



Then ip\ and y| are local sections of the 5 -principal bundles T c — > T c and T c — > T c 
respectively. The relation c 2 — c 1 = 96 means that 

c 2 (7i,72)c-(7i,72) _1 = 6iouioi(7i)^ii2U2(72)6i i 2 i 02 (7i72) _1 , (39) 

Vi = (io,»l,«2,*01,«02,«12,»012) G Iq x if x 7 2 - (40) 

By applying Eq. (J38j) to the 2-cocycles c 1 and c 2 , we are led to 

fi 01 (»o,*l, 71)^4, (»l.*2, 72) = ¥^ 02 (io,*2, 7172)^(71,72), j = 1, 2. (41) 

Define a map $" 6 1 : r cl — > T c2 by 

p,i,j, 7 ,A)] — p,i,j,7,A6^( 7 )- 1 )]. (42) 

That is, 

*¥>*(*» j> 7) ^ Vfc(^i>7)&ijfc(7) _1 (43) 

for all A G S 1 and 7 G E/jJ n T^. 

Let us check that <& u 2 b 1 is well-defined, i.e. it is independent of the choice 
of k. To simplify notations, after replacing T by T\Uq] and the cocycles c J by 
c % 1 i 12 i 02 (( i o,h,Ji),(h,i2,j2)) = 4 0il i 2 i 0X i 12 i 02 {liil2), we can assume that the cover U° 
consists of the entire open set IV Thus Eq. (|4"5]l reads 

A^( 7 ) ^ A^( 7 )6 ifc (7)- 1 . (44) 

Using Eq. JH]), we get ip(n(s(j))(pL(s(j)) = ^pL(s('y))cLmm(s(j),s(^)). Thus one 
can identify <Pm(s(^y)) with the complex number c J mmm (s('~f),s('y)). By Eq. (|4ip again, 
we obtain ^(7)93^(8(7)) = ^(7)^ m fe(7> s (7))- For J = 1, after replacing 1^(5(7)) by 

cLmm(s(7), s (7))) we nave 

^(7) = Ai^( 7 ) (45) 
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with Xj = c' lmk ('y,s(j))/4nmm(s('y),s^y)) (j = 1,2). /From Eq. ([39]), we obtain that 
A2 = Ai&;(7)6fc(7) -1 - Therefore 

^(7)6i(7)" 1 = Ai^(7)6ft(7)" 1 . (46) 

Comparing Eqs. (f44j) - (f46j) . we see that $^ 2 6c i is indeed well-defined. 
The fact that $^ , x is a groupoid morphism now immediately follows from Eqs. (I39D - 
(|4ip . Relation (a) is also clear from Eq. (|43p . 

Let us prove (b). Again, for simplicity, we may assume that U° is a cover consisting 
of just one open set To. Hence, by assumption, h(g) = a(t(g))a(s(g))~ 1 for all i £ I\ and 
g £ C/j 1 . Hence the automorphism of the central extension S 11 — ► r c — > T c given by Eq. 
dH is 

^ 6 ,c(7) = 7a(s(7))«(t(7))~ 1 , V 7 S T c 

Let us show (c). By definition, a refinement is a map ip : I' n — > I n (n € N) such that 
?/'" C U2u\ • Consider the following diagram 



r 


,/l 


— *-r 


c 1 


* W 9 


' 


*" h 1 

w 


f< 


,/2 


— *-f 


c 2 



Here the horizontal maps are defined by [k, i,j, 7, A] t—> [i()(k),ip(i),ip(j),'Y, A], which are 
clearly Morita morphisms of S^-central extensions. It is immediate to check that the above 
diagram indeed commutes. □ 

4.2 The C*-algebra associated to a 2-cocycle 

Let us recall the construction of the C*-algebra associated to an S^-central extension 

s 1 -» f -► r z4 r , 

where T =4 To is a Lie groupoid, or, more generally, a locally compact groupoid endowed 
with a Haar system (\ x ) x eTn- Let L = T x s i C be the complex line bundle associated 
to the 5 1 -principal bundle T — > T. Then L —* T z^ M is equipped with an associative 
bilinear product 

L 9 ® L h -► L gft V(s, /i) € T 2 



and an antilinear involution 



L g -*■ L g -i 



satisfying the following properties: 

• the restriction of the line bundle to the unit space M is isomorphic to the trivial line 
bundle MxC^M; 
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• V£, rj G L g , (£, r/) = £* • 77 G -^s(g) — C defines a scalar product; 

• (£ ■ vT = v* ■ r ■ 

The space C C (T,L) of continuous, compactly supported sections of the line bundle 
L — > r is endowed with a convolution product: 

and the adjoint 

e(g) = (Z(g- 1 ))\ 

where £(h) ■ rj(h~ l g) is understood as the product Lh <S> Lf l -\ g — > L g . 

For all x G To, let Ti x be the Hilbert space obtained by completing C C (T,L) with 
respect to the scalar product 

9 er- 

Let (n x (f))€ = f * £> V/ G C C (T,L), £ G 7"^. Then / i— > K x (f) is a ^representation of 
C c (r, L) in Tij;. The C*-algebra C*(r, L) is, by definition, the completion of C C (T, L) with 
respect to the norm: sup^g^ ||7r x (/)||. 

Let r zz^ To be a locally compact groupoid with Haar system. Let c G Z 2 {ali;S ) be 
a Cech 2-cocycle on an open cover IA of I\ Then c determines an S^-central extension as 
given by Eq. (|36p . where T c is Morita equivariant to V. Denote by L c = T c x s i C the 
associated complex line bundle. By C*(T,c), we denote the C*-algebra C*(T C ,L C ) and 
call the C*-algebra associated to the 2-cocycle c. 

4.3 S 1 -equivariant gerbes 

The main result of this subsection is the following 

Theorem 4.2 Assume that T ^ To is a Lie groupoid acting on a manifold N via J : 
N — ► To- Let IA be a cover of (N x T).. Any Cech 2-cocycle c G Z 2 (1A,S V ) canonically 
determines an S 1 -central extension of the form H xT — > if x T zz^ M, where H — > Tzf zz^ M 
is a V -equivariant S 1 -central extension and Li ^ M is Morita equivalent to N zz£ JV, swc/i 
i/iai i/ie cZass of this central extension is equal to [c] G H 2 ((N x r).;^ 1 ). 

We first prove the following special case. 

Proposition 4.3 Let T z^ Tq be a Lie groupoid, and IA a cover of V.. Any Cech 2- 
cocycle c G Z 2 (IA, S 1 ) canonically determines an S 1 -central extension of the form H x T — > 
H x r z^ M, where H —>■ H ^ M is a T -equivariant S 1 -central extension and H zz£ M 
is Morita equivalent to Tq z^ To, smc/i i/iat t/ie class of this central extension is equal to 

[cjeH^T^S 1 ). 

Lemma 4.4 Assume that M is a right T-space via the momentum map J : M — > To, 
which is a surjective submersion. Then the pull-back groupoid T[M] zz£ M via J is naturally 
isomorphic to the crossed-product H x T zz^ M, where H zz£ M is the equivalence groupoid 
M Xr M z| M , and T acts on H ^ M by natural automorphisms. 
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Proof. By definition, T[M] = {(x,y,g)\J(x) = t(g),J(y) = s(g)}. One checks directly 
that x '■ H x T — > T[M] given by (x,y,g) \— > (x,yg _1 ,g) is indeed a groupoid isomor- 
phism. D 

Proof of Proposition 14.31 

Proof. From Section [4.14 we know that c canonically determines 

(a) a surjective submersion ir : [/ — > To; and 

(b) an S^-central extension 

S 1 -» f ■£ r[C/] z4 [/, (47) 

where £/ = IIj G / t/°. Let M = U xp I\ It is clear that F acts on M by (x, g) -J = (x, 57) 
with the momentum map a : M — ► To given by a(x,g) = s(g), \/(x,g) & U xp T. Thus 
according to Lemma [4.41 the pull back groupoid <r*r is isomorphic to the crossed-product 
H x T =4 M, where H = M X at r Q ,a M = {(x' , y') G M x M|cr(x') = cr(y')} an d r acts on 
# by natural automorphisms. Now consider the map r : M — > To given by r(x, g) = £(g), 
\/(x,g) G [/ xr r. It is clear that r is also a surjective submersion. Introduce a map 

p : a*T — ► t*T (48) 

((x,g),(y,h),r)) — ((x, <?), {y^grhT 1 ). (49) 

It is simple to check that p is a groupoid isomorphism. It thus follows that the groupoids 
H xi r z4 M and r*T ^ M are isomorphic. The isomorphism -0 : H x T — > r*T is given by 
tp((x,g), (y,h),j) = ((x,g), (y, /17), g/i _1 ), which is the composition of the isomorphism \ 
in the proof of Lemma 14.41 with the isomorphism p as in Eq. (|49p . On the other hand, 
since r = 7Toj>i, where p\ : M — > £/" is the natural projection, then r*T — ► 7r*r(= r[C/]) is 
a Morita morphism of groupoids. Here, by abuse of notations, we use the same symbol 
p\ to denote the groupoid morphism on the pull-back groupoids induced by p% : M — > U. 
Therefore, it follows that 



pi 

M *U 

is a Morita morphism of groupoids, where (p = p\oip can be expressed explicitly by 
l f((x,g),(y,h),j) = (x,y,ghr x ). Let 



r' = <p*f = (h x r) x m r. 



Then it is clear that 



SUr'^ffxT^M (50) 

is an S^-central extension Morita equivalent to (|47p . and therefore it defines the same 
cohomology class [c]. 

Identify H with the subgroupoid H' of H x T via the embedding i : h *—> (h, J±(h)), 
where Ji : -ff — > To is the momentum map of the T-action. Note that T naturally acts on 
H' by (/i, Ji(h)) r = (h r , s(r)), which coincides with the natural T-action on H under the 
identification H' — > H. Let j = <p o % : H — > r[[/]. Now let 

ff = rr = ^'x r[u] f 
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be the pull back S^-bundle, via j, of T — > r[U] as given in Eq. (|3j 

The T-action on H' induces a T-action on H. Indeed, H can be naturally identified 
with {(h,j) G H x r| j(h) = ^(7)}, under which the T-action is given by (h,j)^ = (/i 7 ,7). 
This action is well-defined since j is T-invariant. It is clear from the construction that 

S 1 ^H S H^M (51) 

is a T-equivariant S^-central extension. Therefore one obtains an S^-central extension 

S 1 ->HxrSH>!r^M, (52) 

which is clearly isomorphic to (f50|) . Indeed the map / : H x T — > T, defined by /(/i,7, 7) = 
7, is an 5 1 -equivariant groupoid morphism and the diagram 



H 


f 
xT 


— *■ r 




</ 




V 






• 


H 


wir * 


*T\0] 



commutes. □ 

Theorem 14.21 thus follows from Proposition 14.31 combining with the following 

Lemma 4.5 Assume that T =$ Tq is a Lie groupoid acting on a manifold N via J : N — > 
To- If a groupoid H =£ M admits an action of N x T by automorphisms, then it must 
admit a Y -action by automorphisms. Moreover, the crossed product groupoids H x (N x T) 
and H x T are canonically isomorphic. 

Proof. This follows from a direct verification, which we will leave to the reader. □ 



Corollary 4.6 Under the same hypothesis as in Theorem \4-%\ c canonically determines 
a T-C*-algebra A c and a Morita equivalence v c from the C* -algebra C*(N x T,c) of the 
S 1 -central extension ( f^7| ) to the crossed product A c x r 17 

Moreover, under the same assumptions as in Lemma \4-l[ there is a T-equivariant 
Morita equivalence a c 2 & c i from A c \ to A c 2 such that the diagram 

cv^c 1 ) — ,4 c ix r r 



*' 



u 

V,1 



<*a h a x r 



x C*,b,c 



c;(r,c 2 )^-^ c2 x r r 

commutes. Moreover, the above diagram is compatible with refinements of covers as in 
Lemma\A.l\ 



Proof. After replacing r by iV x T, we may assume that N = Tq. Recall from the 
proof of Proposition 14.31 that the cover U on which c is defined determines an etale map 
7r c : U c — > To, a groupoid H c , an action of T on H c by automorphisms, and the map j c 
which is the composition H c -A H c x T — % Y\U C ]. 
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The cocycle c determines an 5 1 -central extension S 1 — > T c -4 T[U C ], whose C*-algebra 
is C*(r, c). The pull back of this S^-bundle S 1 — ► H c — > ff c by the map j c is a V- 
equivariant extension as shown in Eq. (|5ip . We take A c to be its C*-algebra, which is 
thus endowed with an action of T. 

Since there is an S^-equivariant isomorphism f c : H c x T — > tp*T c (see the proof of 
Proposition 14. 3p . we obtain a canonical Morita equivalence v c . Since j c depends only on 



U, the isomorphism $^2 6c i : (S 4 -> T cl -» r[[/ c1 ]) -> (S 1 -► T c2 -» r[[/ c2 ]) determines 
a T-equivariant isomorphism a c 2 6 c i : (S 1 — ► H c — > H c ) — > (S" 1 — > -ff c — > -fT c ), and 
therefore an isomorphism a c 2 j, c i x F : (5 1 — > H c xiT-* iJ c x T) — > (S 11 — > i? c x T — > 
H c x r). It is easy to check that this isomorphism coincides with ip*$> 2 , x , via the 

identification / c : .£f c x T — > 93*r c . Hence the commutative diagram follows. The last 
assertion is easy to check. □ 

Remark 4.7 Let T be a Lie groupoid. Recall (35j|43] that the Brauer group Br(T) of T is 
defined as the group of Morita equivalence classes of T-equivariant locally trivial bundles of 
C*-algebras over To whose fibers are the algebra of compact operators on a Hilbert space. 
It is known that Br(T) is isomorphic to H 2 (T; S 1 ) [32j. The corollary above enables us to 
realize such a bundle geometrically for a given Cech 2-cocycle c G Z 2 (r;5 1 ). 

We will need the following functorial property of the correspondence c i— ► A c : 

Proposition 4.8 Let T be a Lie groupoid acting on manifolds N' and N, and f : N' — > N 
a F-equivariant map. Assume that c S Z 2 (U, S 1 ), where U is a cover of (N x T),. Then 
Af* c is canonically isomorphic to f*A c = Cq(N') ®c (N) A c . Moreover, this isomorphism 
is compatible with refinements of covers, and with <&b and ab as in Corollary \4-t 



(Note that A c can be considered as a field of C*-algebras over N, and hence f*A c is a 
field of C*-algebras over N'.) 

Proof. We use the same notations as in the proof of Proposition 14.31 The groupoid H 
is a fibration over N, with each fiber H x = {((1,7), (j, 7')) £ Lq x F x x Lq x F x \ 5(7) G 
U®,s{^') = Uj}. Similarly, the groupoid H' is a fibration over N', and one immediately 
sees that the fiber H' x over x E N' is isomorphic to H/m- More precisely, there is a 
cartesian diagram 

H' ^H 

N'—^-N. 

Recall also from the proof of Proposition ^. 3l that the central extension S 1 — > H — > H is 
obtained by the pull back of the central extension of T — >• T[U] by the groupoid morphism 
if : H — » r[U]. The central extension S 1 — > H' — > H' admits a similar description. It is 
simple to see that the diagram 

H' ^H 



f 



<p 



f*T[U] *T[U] 
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commutes. It thus follows that there exists an S^-equi variant map H' — > H such that 

H' *■ H 




commutes. In other words, considering H — > N as an S^-central extension of groupoids 
fibered over N, the pull-back by / of (H — ► N) is isomorphic to (H' — > N'). The conclusion 
thus follows. 

The last assertion is easy to check. □ 

Lemma 4.9 Let c, d 6 Z 2 {aU\S v ), whereU is a cover of (Ny\T),. Then A c ^c Q {r )^-c' ~~ *" 
A c+C i canonically. 

Proof. If £ (resp. £') is the S^-central extension whose C*-algebra is A c (resp. A c r), then 
A c+C > is the C*-algebra of £ + £' . The latter is canonically isomorphic to A c <S>Co(r ) A:' ■ ^ 

Proposition 4.10 Let M and N be Y -spaces, c and d S 1 -valued Cech 2-cocycles on M xi T 
and N x V , respectively. Let P = M Xp N and p\ : P — > M , p2 : P — > N be natural 
projections. Then A p * c+p * c — > A c ®c (r ) ^-d canonically. Moreover this isomorphism is 
compatible with the maps $(,. 

PROOF. We have 

Ap* c +p* 2 c' = A p * c (8>c (p) A p * c < (by Lemma H33 for P x V) 
= p\A c ®c (p) P2 A d (by Proposition | 

= a c ® Cq{To) a c ,. 

D 

4.4 Equivariant twisted K-theory and the map $ fe 



First we recall the definition of twisted ET-theory of a stack [43] . Let T be a locally compact 
groupoid with Haar system, U an open cover of T. and c E Z 2 (aU; S 1 ) a 2-cocycle. Recall 
from Section [4~T2l that c determines a C*-algebra C*(T,c). 

Definition 4.11 [43] The twisted if-theory group K*(T) is defined as K\C*{T, c)). 

Remark 4.12 In |33], we defined, for any a 6 H 2 (T.;S l ), the twisted ivT-theory group 
K l a (T) as the if -theory group of the C*-algebra of any S^-central extension representing a. 
This is indeed well-defined, as the C*-algebras of two such central extensions are Morita 
equivalent. However, the shortcoming of such a definition is that the Morita equivalence 
is not canonical (see Proposition 14. 15T 3) ) . On the other hand, Definition 14 . 1 1 1 is canonical, 
as the 2-cocycle c determines a unique C*-algebra rather than a Morita equivalence class 
of C*-algebras. This is extremely important for our purpose in this paper since we need 
to study the functorial properties of twisted if-theory. 
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In particular, if T =£ To is a Lie groupoid acting on a manifold N with momentum 
map J : N — > To, and c G Z 2 (<7^;5 1 ) is a 2-cocycle of the corresponding transformation 
groupoid N><sT: N><sT^N. Then the twisted equivariant if-theory group is defined as 
follows 03]: 

K i e>r (N)=K i e (NxT). 

As an immediate consequence of Lemma 14. 1\ we have the following 

Proposition 4.13 For any open covers U of F,, c , c 2 G Z 2 {o-U;S l ), b G C ,1 (<rZY;iS 1 ) 
satisfying c 1 — c 2 = db, there is a canonical isomorphism 

which satisfies the following properties: 

1. if c 1 — c 2 = db and c 2 — c 3 = db' , then 

2. for any a G C a (U,S l ), we have 

&taa,c = Id ; 



3. iftC is a refinement oflA and d , d and b' are the pull-backs of c 1 , c 2 and b under 
the canonical map C*(aU';S l ) — ► C*(aU;S 1 ), then K* j (F) is canonically isomorphic 
to K*j{T), and the following diagram 



* W 9 



K* 2 (F) *K*(T) 



c 2 , fj.c 1 



commutes. 



Proof. (1) and (3) are immediate consequences of Lemma l4.1i For (2), on the groupoid 
level, according to Lemma |4.1( 

<9a,c(7)=7a(s(7))aW7))~ 1 , V 7 G f c . 

This induces an automorphism of C*(F, c) given by $(/)(t) = a(t( , -f))~ 1 f (7)0(5(7)) , V/ G 
C c °°(f c ,L c ). Let (Uf)(i) = a(t(7))/(7). Then U is an unitary multiplier of C r *(r,c) and 
$(/) = U*fU. The conclusion thus follows. □ 

Recall that C^r.jiS 1 ) = lim^ C n {crhi]S l ), where IA runs over covers of the form 
(U%her p , 7 G U%, and W is finer than U if U 1 * C XlS, for all p and all 7 G r p . We 
are now ready to introduce 

Definition 4.14 For any c G Z 2 (F.;S l ), we define the twisted if -theory group K l c (F) 
as K l c ,(T), where d G Z 2 (aW;S 1 ) is a 2-cocycle on a cover Z/ of the above form which 
corresponds to c in ^(F.iS 1 ) = lim^ C 2 {o~U;S l ). 
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Note that this definition is valid since if U" is another such cover, then Kt/(T) and 
K l c ,i(T) are canonically isomorphic according to Proposition I4.13T 3). Now the following is 
an immediate consequence of Proposition 14.131 

Proposition 4.15 Assume that c 1 and c 2 are two S l -valued Cech 2-cocycles on a groupoid 
r =$ Tq, and b is an S 1 -valued 2-cochain such that c 1 — c 2 = db. Then there is a canonical 
isomorphism 

$ c2j6>c i : K* X (T) - K* 2 (T), 

which satisfies the following properties: 

1. if c 1 — c 2 = db and c 2 — c 3 = db' , then 

2. for any a E C^iT.^S 1 ), we have 

®c,b,c = ®c,b+da,c- 

As a consequence, we have 

Corollary 4.16 The map [b] i— ► Q c ,b,c defines a morphism i/ 1 (r;5 1 ) — > Aut(K*(T)). 

For simplicity, in the sequel we will write <&b instead of <3? c 2 j, c i whenever there is no 
ambiguity. 

4.5 External Kasparov product 

Let us first recall a few basic facts about equivariant KK-theoiy, as introduced by Kas- 
parov [33J and generalized by Le Gall to groupoids [36] . 

Assume that T is a locally compact a-compact groupoid with Haar system (for instance, 
a Lie groupoid), A, A\, B, B%, and D are T — C*-algebras, i.e C*-algebras endowed with 
an action of I\ Then there is a bifunctor 

(A,B)^ KK l r (A,B), i = 0,l 

covariant in B and contravariant in A. There is also a suspension map 

a ro , D : KKl(A,B) - KK\(D ® Co(ro) A,D ® Co(ro) 5), 

and an associative product 

KK l r (A,B)®KK J r (B,C) -► Ki4 +i (AC), (53) 

(a,/3) i-> a<8> B /?. (54) 

More generally, the map 

KK* r (A, B ® Co(Vo) D) ® KK&Ai ® Co (r ) A #i) - KK*'{A ® Co{To) A U B ® Coi T ) B x ) 

defined by 



n 



<g> D /? : = cr r0iAl (a) (S)^!®^^^®^^^ ot ,b(/3) 
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is associative. In particular, when D = Co(ro), we obtain an associative and (graded) 
commutative product 

KKi(A,B)®KK[(A 1 ,B 1 ) - KK*\A®c (r ) ii,fi®c„(r ) B x ), (55) 

which is called the external Kasparov product. 

We also recall [H |5T] that if A is a V — C*-algebra, there is a group morphism, the 
Baum-Connes assembly map 

f i r :K t i op (T;A)^K i (A^ r T). 

Here the left-hand side is defined by limy c ^r KKy(Cq(Y), A), where Y runs over saturated 
subsets of a certain proper T-space ET such that Y/T is compact (if T is proper, then ET = 
T ). The map /u r is defined by /j, r (x) = \Yxr<8>c (Y)x r rJT,r(x) for all x G KK\, (C (Y), A), 
where 

ir,r : KK l r (C (Y),A) - K^(C (y) x r I\ A x r r) 

is the Kasparov's descent morphism and Ay^r G .K\K"(C, Cb(y) x r T) = Kq(C*(Y x T)) 
is a canonical element. 

The Baum-Connes assembly map is an isomorphism when T is proper, or more gener- 
ally, amenable [40] (as well as in many other cases such as connected Lie groups [17] ) . One 
does not however expect \i r to be an isomorphism for every Hausdorff Lie groupoid, in view 
of the counterexamples in [30] (these counter examples are, however, neither Hausdorff nor 
smooth). 

Proposition 4.17 Assume that T ^ Tq is a proper Lie groupoid (or, more generally, 
a groupoid such that the Baum-Connes map is an isomorphism) acting on a space N. 
Let c G Z 2 (Z^,5 1 ) be any 2-cocycle, where U is a cover of (N x T), and N x T is the 
transformation groupoid. Then there is a canonical isomorphism 

K^(r;A c )^Ki r (N), (56) 



where A c is the C* -algebra defined in Corollary \4-6\ Moreover, under the same assump- 
tions as in Proposition \4-l3j denote again by a c 2 bc i the element in K K-p{A c i , A c 2) de- 
termined by the T-equivariant Morita equivalence a c 2j c i : A c i — > A c 2. Then we have a 
commutative diagram 

K top {r . Acl) JL^Ki lv (N) 

K^(T;A C 2)^K1 2 ^N), 

where the left vertical arrow is the multiplication by the element a c 2 b c i . 

PROOF. We have 

KJ op (T, A c ) <* Ki{A c x r r) <* Ki(C* r (N x T, c)) = K^N), 

where the first isomorphism is the Baum-Connes assembly map fj, r , and the second one 
follows from Corollary 14.61 Note that each isomorphism above is canonical. That the 
diagram commutes follows from the equality fi r (x <g> a c 2 bc i) = jr,r(Ay><r ® % <S> "c 2 ,^ 1 ) = 
ir,r(Ayxir <8> x) (g> jr,r((x c 2 & c i) together with Corollary 14.61 □ 
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If c e Z 2 (T.; S 1 ) lives on a cover £Y, and d G Z 2 {aU; S 1 ) is the corresponding 2-cocycle, 
then K l r (iV) = Ki(A c i x T) is canonically defined. Below, we will write ^4 C instead of ^4 C / 
whenever there is no ambiguity (keeping in mind that the r-C*-algebra A c is determined 
up to a unique Morita equivalence) . 

Suppose now that T is proper. Let N 2 = N xp () N, and pi : N 2 — ► N, i = 1,2 
be the natural projections. Take A = C = Cq(Y), and B = D = A c . Thus we have 
B ©c (r ) D = A p * c+ p^ c according to Proposition 14.101 Thus Proposition 14.171 together 
with the external Kasparov product Eq. (|55p implies the following 

Proposition 4.18 Assume that T z4 Tq is a proper Lie groupoid acting on a space N. 
Let c E ^(lA^S 1 ) be any 2-cocycle, where U is a cover of (N x T), and N xi T is the 
transformation groupoid. We have a map 

KtAN) ® KUN) - Kt>(N 2 ). (57) 



4.6 Gysin maps 



Finally, we will need Gysin (wrong- way functoriality) maps. Such a map was studied 
extensively in |X8|, 131] . Recall that for manifolds M and N, a smooth map / : M — > N is 
said to be .ff -oriented if the normal bundle Nf = T*M © f*(TN) — > M is if-oriented, i.e. 
it admits a Spin c -structure. When / is a submersion, Nf can be replaced by ker(df) C TM 

DBI- 

Now let r be a Lie groupoid, and both M and N be T-manifolds. It is still not 
clear what will be an appropriate notion of T-equivariantly iC-orientability for a general 
T-equivariant smooth map f : M —> N, since the normal bundle of / does not necessarily 
admit a T-action in general. However the T-equivariant if-orientability does make sense 
in any of the following special cases: 

(a) T possesses a pseudo-etale structure in the sense of Tang [39] (which is also called 
a flat structure by Behrend [5]). In particular, this includes the case that T is etale, 
or is a transformation groupoid corresponding to a Lie group action; 

(b) / is a submersion (in this case, her (df) is endowed with an action of T); 

(c) both momentum maps J : M — > Tq and J' : N — > Tq are submersions. Denote by 
VM = ker J* : TM -> 7T and VN = ker J^ : TN -> TT the vertical tangent 
bundles. Then / is said to be iC-oriented if the vector bundle V*M © f*VN — > M 
admits a T-equivariant ii'-orientation. 

From now on, we will assume that / : M — ► N is a T-equivariantly X-oriented sub- 
mersion as in (b). Indeed, although Gysin maps in twisted .ff -theory may be constructed 
in other cases as well (see for instance |15j ) , we will only develop the case of submersions 
since other cases are not needed in this paper. 

As we will see, / induces an element f\ € KK^(Co(M), Cq(N)), where d = dimilf — 
dimiV, such that the relation (g°f)\ = g\°fi holds. More generally, we have 

Lemma 4.19 Let T be a Lie groupoid, and M , N two proper T -manifolds. Assume that 
f : M — > N is a T-equivariantly K-oriented submersion. Then for any S l -valued Cech 



39 



2-cocycle c on the groupoid N xT, there is a Gysin element ff G KK d (Af* c ,A c ), where 
d = dim N — dim M , satisfying the property: 



f? c ®A a * c gf = {gof)l (58) 



for any T-equivariant K-oriented maps f : M — > N and g : N — > P. 27ie K-orientation 
of g o f is induced from that of f and g. Here both sides are considered as elements in 
KKf(A {gof) * c , Ac) and d" = dimP - dimM. 

Proof. It is standard that any if -oriented submersion / : M — > N yields a Gysin element 
f\ E KK d (Co(M),Co(N)) [181 EH]- When T is a Lie group, an equivariant version was 
proved by Kasparov-Skandalis [341 §4.3]: any T-equivariantly if -oriented map / : M — > N 
determines an element f\ E KK^(Cq(M), Cq(N)). A similar argument can be adapted 
to show that the same assertion holds when T is a Lie groupoid, and ififp is Le Gall's 
groupoid equivariant if if -theory [36| . In fact, since / is also N x T-equivariant, it is easy 
to see that one obtains an element f\ E KKf fyjr (Co(M),Co(N)). 
Consider 

o- N ,Ac(fO e KK% AT {C (M) ® Co{N) A C ,C (N) ® C(){N) A c ). 

By Proposition 14.81 we have Cq(M) ®c {N) A c — Af* c . Thus o~N,A c (f\) € 
KK'^ [yjT (Af* c ,A c ). We define ff as the image of this element under the forgetful functor 
KK N » T - ififr- 

We need to check that ff is well-defined. Recall that A c is defined only up to Morita 
equivalence. In the definition of A c , we have implicitly chosen an open cover U, on 
which the 2-cocycle c lives. Assume that d is another such a 2-cocycle, which is de- 
fined on another cover U! '. Let a E ififj\rxr(Ai> AiO be the element determined by 
the Morita equivalence between A c and A c >. Since all the constructions are natural, 
f*a E KK Mxr (Af. c ,Af.j) = KK M xt(C (M) ® Co (N) A c ,C (M) ® Co (N) Aj) is the ele- 
ment induced by the Morita equivalence between Af* c and Af*r c iy 

We need to show that /, c and /, c can be identified, i.e. 

o-N,Ac(f\) ®A C a = f*a ® f *A c , o-N,A c ,(fl) € KK* NyiT (f*A c ,A cl ). 

The left hand side is f\ t£>c (N) a > while the right hand side is equal to 
°~N,c (M)(a) ®Co(M)® Co(N) A c , o- N ,A c ,{f\) = a ®c (N) f\- Thus the equality follows from 
the commutativity of the external Kasparov product. 

Eq. (|58p now follows from the compatibility of the suspension a with the Kasparov 
product 

f\ C ®A g * c 9\ = crp,A c {f\) ®A 9 , C o-p tAc (g\) = o- P ,A c (f\ ®C (N) 9\) = °-p,A c ((9°f)\) = (g°f)\- 

□ 



Corollary 4.20 Under the same hypothesis as in Lemma \4-19 , there is a Gysin map 

/, : if}* C) r(M) - K» d (N), 
with d = dimiV — dimM, which satisfies g\of\ = (g°f)\- 
Proof. We have f\(f3) = (3 ®/* Ac /i c - □ 
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The following proposition describes the naturality property of the Gysin map with respect 
to the cocycle c. 



Proposition 4.21 Under the same hypothesis as in Corollary \4-20 , assume that c' is 



another 2-cocycle which is cohomologous to c, i.e. c — c' = du for some u E C l {{N x 
r).;^ 1 ). Then the diagram 

Ki{M)JL+K* d {N) 



*/*„ 



i>u 



K}, cl ^M)JU.K^(N) 



commutes. 



Proof. We can assume that the relation c — d = du holds in some complex C*(aU; S 1 ). 
Therefore the isomorphism <3? u is implemented by an isomorphism of S^-central extensions, 
and thus by an invertible element a E A'A'jVxrC-Ao^c')- It is clear, by naturality of the 
constructions, that <&/*« is implemented by f*a E KKMxr(Af* c , Af* c >). Then for all 
(3 E K* f , cr (M), we have ($ u o/,)(/3) = ® /Me ff ® Ac a, while (f^ f , u ){(3) = (3 ® f » Ac 

f*a ®f*A c , ff ■ Thus we need the identity a NtAc (f\) ®A C a = f*a <8>/m c , o~N, A c ,(f\) <E 
K K* N y, r (f* A c , A c /), which can be proved exactly in the same way as in Proposition HjjJJ □ 

4.7 Ring structure on equivariant twisted X-theory group 

Let N — > r be a crossed module, where r =} Tq is a proper Lie groupoid such that 
s : N — > Nq is T-equivariantly A'-oriented. Assume that (c, b, a) is a multiplicator as in 
Definition 13.151 

Definition 4.22 Define 

Kl+ d (N) ® Kl+ d (N) -► K l c + j+d (N), 
where d = dim A" — dimAo, as the composition of the external Kasparov product 

ri+3 



Ki + r d (N) ® K j c % d {N) -» K^l , cV {N 2 ) as in Proposition WM with the maps 



Here mi is the Gysin map corresponding to m : A^ — ► N. 

Note that in the above definition if c is defined on some cover U, then p\c and p 2 c 
are defined on different covers. Therefore to define p\c + p 2 c, one needs to pass to a 
refinement. This is the reason why we choose to define twisted .ff -theory with respect to a 
Cech cocycle c E C 2 ((N x T).; S 1 ) as in Definition 14. 141 instead of a cocycle in C 2 (alA; S l ) 
for some fixed cover. 

Also, note that s : N — > Nq is T-equivariantly AT-oriented implies that pr 2 : Nx^ N — > 
A" is T-equivariantly A'-oriented. Since A2 is T-equivariantly diffeomorphic to N Xn N by 
ip : (x,y) 1— > (x,xy), it follows that m = pr 2 o tjj : N2 —> N is T-equivariantly A'-oriented. 
Moreover, define maps A3 — » A^ by mi2(x,y,z) = (xy,z) and m 2 3(x,y,z) = (x,yz). It 
is not hard to check from the assumptions that the A'-orientations of momi 2 and mom 2 3 
coincide. Let m\ 2 j, = m a m\ 2 = mom 2 ^ be endowed with this AT-orientation, then we obtain 
the following 
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Proposition 4.23 

m\2\°m\ = 771,123! = 77723!°mi. 

Remark 4.24 In Definition 14.221 above, if N is not connected, K l c ^ (N) needs to be 

replaced by (BiKl^UNM) , where N = ]J Ll N"> is the decomposition into its connected 

components, and di is the dimension of N™. An example where a disconnected crossed 
module naturally appears is when N is the space of closed loops ST = {g G T\ s(g) = t(g)}, 
and r is an etale proper groupoid. The results formulated below are still valid in this 
context. 

Now we can state the main theorem of this paper. 

Theorem 4.25 Let N — > T be a crossed module, where T zz| Tq is a proper Lie groupoid 
such that s : N — > Nq is T-equivariantly K-oriented. Assume that (c,b,a) is a multiplica- 
tor, where c G C 2 ({N x r).,^ 1 ), b G C 1 ((N 2 X r).,^ 1 ) and a G C°((N 3 X r).,^ 1 ). Then 
the product 

K l + T d {N) K 3 c + d {N) - Ki+ j+d (N) 

is associative. 

PROOF. Let us study the product (x, y, z) i-> x(yz) from K*+ d (iV) <g> K 3 c + d (N) (g> K^± d (N) 
to K 1 c y {N). To simplify notations, we assume i = j = k = 0. The product 

x(yz) is obtained by composing the external product K d T (N) ® K d T {N) <g> K d r (N) — > 
^•c+p'c+p'crf^) with $p* 6, followed by the down-right composition of the diagram 
below: 



<H 




(m-23j! 



("123)1 

(Recall that 77723(2;, y, 2) = (2, yz), 777i 2 (a;, y, z) = (xy, z), ram (a, y, z) = xyz.) 

It follows from Proposition 14.21] Corollary 14.201 and Proposition 14.231 that the diagram 



above commutes. Hence the product x{yz) can also be obtained from the composition of 

^p^c+p^c+p^c 



the external product K d r (N) ® K d r (N) <g> K d T (N) -► itf* c+P * c+p * cr (iV3) witn tne ma P s 



^ rf (AT \ * p 23^™23 6 ^d /, M (™_ii 3 ) ! TS& (KJ\ 

K p* 1 c+p*c+p*c,r( ISJ V — ► ^•77^ 23 c,rC-' v 3j -» -n-crC-^J- 

Similarly, the product (xy)z is obtained by composing the external product K d v {N) ® 
i^ r (A0 ® ^ r (iV) -> ^ c+p|c+p|c>r (iV3) with the maps 

^ rf (AT \ <t,p l2 i '+ m i2 t ' ^d ,, M (™_123) ! ^d /* n 

Now since £>23^ + m 23^ ~~ P\2^ + m i2^ = ^'^ = ^ a > ^ follows from Proposition 14.151 that 
$p* 23 b+m* 3 b = §pi 2 b+m* 12 b- This completes the proof of the theorem. □ 
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4.8 Ring structure on the /C-theory group twisted by 2-gerbes 

Thanks to the transgression maps, for any crossed module N — > T, one can produce a 
canonical multiplicator from Z 3 (r.;5 1 ). Therefore one obtains a ring structure on the 
corresponding twisted K-theory group. 

More precisely, given any e € Z^r.;^ 1 ), Tie £ Z 2 ((N xi r).;^ 1 ) is 2-multiplicative. 
Define 

K* e>T (N) := K^ r (N). 

Let c = T\e, b = —T2e and a = —T^e. Then (c,b,a) is a multiplicator according to 
Corollary 13. 141 Thus K* r (N) naturally admits a ring structure. 

Theorem 4.26 Let N — > T be a crossed module, where T zj r is a proper Lie groupoid 
such that s : N — > Nq is T-equivariantly K -oriented. Let d = dimiV — dimiVo (see also 
Remark \73m ). 

1. For any e € Z 3 (r.;5 1 ), the twisted K-theory group K* r (N) is endowed with a ring 
structure 

Ki+ d (N) ® K{+ d (N) ■- K^ +d {N), 

where d = dim N — dim Nq • 

2. Assume that e and e' € ^(r.;^ 1 ) satisfy e — e' = du for some u € (^(T^tS 1 ). 
Then there is a ring isomorphism 

4< e> ,e : K tV (N) - K*, tV (N) 

such that 

• if e — e' = du and e' — e" = du' , then 

^ e" ,u' ,e' °^ e' ,u,e ^e",«+u',ei 

• for any v € C' 1 (r.;5 1 ), 

* e' ,u,e * e' ,u-\-dv,e- 

3. There is a morphism 

H 2 {T.;S l )^AutKl T {N). 

The ring structure on K*~^ (N), up to an isomorphism, depends only on the coho- 
mology class [e] 6 i? 3 (r.;5 1 ). The isomorphism is unique up to an automorphism 
ofK*+ d {N) induced from ^(T.-S 1 ). 

Proof. Let c = Tie and c' = Tie' . Since d and Ti anti-commute according to Eq. (j23|) . 
we have c — c' = —dTiu. Define 

^e',u,e = ®c',-T lU ,c- 

All the assertions of the theorem except that ^f e ',u,e is a ring morphism, follow from 
Proposition 14.151 
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It remains to prove that *£ e ' ;U>e preserves the product. We thus need to check that the 
following diagram: 

K* tT (N) Kl r (N) . ^ c+p . Cl r(^2) -^— K* m ^ r (N 2 ) _™U K^N) 



Q-TiuS 



-PlTiu-p^Ti-u 






*-T lt 



KfW ® ^,rW ^V+picr^) -51* K* mVir (JV,) -™* K* >r (7V) 

commutes. 

The commutativity of the third square follows from Proposition 14.211 and the commu- 
tativity of the first square follows from Proposition 14.101 

For the second square, it suffices, using Proposition 14.151 to check that b — m*T\u 
and — P]T\u — p 2 T\u + b' differ by a Cech coboundary. Now we have, using the relation 
d'Ti = T 2 d - dT 2 (see Eq. (JEJ)) that, 

(b - m*T lU ) - {-p\T lU - p* 2 T lU + b') = b-b' + &T lU 
= -T 2 (e - e') + d'T lU = -T 2 du + d'T x u = -dT 2 u. 

This concludes the proof. □ 

As an application, we consider twisted iC-theory group of an inertia groupoid. Let V z4 
To be a Lie groupoid and consider the crossed module ST — * T. As before, Ar : ST x T z4 
ST denote the inertia groupoid of T. Any element in the image of the transgression map 
T\ : if 3 (r.;5 1 ) — > i^ 2 (Ar.;5 1 ) is 2-multiplicative according to Remark 13.131 Thus one 
obtains a ring structure on the corresponding twisted K-theory group. Since H s (T,;S l ) 
classifies 2-gerbes [9], we conclude that the twisted i^-theory group on the inertia stack 
twisted by a 2-gerbe over the stack admits a ring structure. 

Theorem 4.27 Let T =£ To be a proper Lie groupoid such that ST is a manifold and 
ST — » To is T-equivariantly K-oriented (these assumptions hold for instance when T is 
proper and etale, or when T is a compact connected and simply connected Lie group). Let 
d = dim ST — dim To (see also Remark \4.24\ )- 

1. For any e G Z^(T.;S l ), the twisted K-theory group Kt% {ST) is endowed with a 
ring structure 

Ki+ d (ST) ® K*+*(ST) -» Kiy +d (ST). 

2. Assume that e and e' G Z 3 (T.jiS 1 ) satisfy e — e' = du for some u G C 2 (T m ;S l ). 
Then there is a ring isomorphism 

* e> , e : Kl v (ST) - K$ tT (ST) 

satisfying the properties: 

• if e — e' = du and e' 



for any v G C (T^S 1 ), 



e" 


= 


du', 


then 










* 


i",u',e 


"&e>, 


-j,e ~ 


~ * e" ,u+u' 


,e 






*e! 


,u,e — 


*e> 


,u+dv,e- 
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3. There is a morphism 

H 2 ^.-^ 1 ) ^AutK* r (ST). 

The ring structure on K*~^ (ST), up to an isomorphism, depends only on the coho- 
mology class [e] € i? 3 (r.;<S 1 ). The isomorphism is unique up to an automorphism 
ofK*+ d (ST) induced from H 2 (T.;S l ). 

Remark 4.28 In pL|, Adem-Ruan-Zhang introduced an associative stringy product for 
the twisted orbifold if -theory of a compact, almost complex orbifold X ' . This product is 
defined on the twisted if -theory of the inertia orbifold A.X , where the twisting class r is 
assumed to be in the image of the transgression H 4 (X.,Z) — ► H 3 (AX.,Z,). It would be 
interesting to investigate the relation between the Adem-Ruan-Zhang's stringy product 
and the product we introduced above. 

Now assume that G is a compact, connected and simply connected simple Lie group. 
Then SG = G and the G-action on G is the conjugation. 

Lemma 4.29 G admits a G-equivariant Spin structure, and thus a G-equivariant Spin c - 
structure. 

Proof. Identify TG with G x g by left translations, where g is the Lie algebra of G. 
Under this identification, the G-action on TG, which is the lift of the conjugation action 
on G, becomes g • (x,T) = {gxg~ l ,Ad(g)T), Vg € G and (x,T) G G x q. Endow q with 
an Ad-invariant inner product. Since G is connected and simply connected, the group 
morphism Ad : G -> SO(g) thus lifts to G -> SO(q). □ 

According to Corollary 13.201 the transgression map T\ : ii 3 (G.;iS 1 ) — > H 2 ((G x 
(jr).;^ 1 ) is an isomorphism. Thus every cohomology class in H 2 ((G x G).;^? 1 ) can be 
represented by a 2-multiplicative cocycle. Moreover, it is known that ii 2 (G.;5 1 ) = 0. 
Thus we are led to the following 

Theorem 4.30 Let G be a compact, connected and simply connected simple Lie group, 
and [c] € H 2 ((G x G).;^ 1 ) = Z. Then the equivariant twisted K-theory group K?, G (G) 
is endowed with a canonical ring structure 



A'i 



Si(G)®K^(G)^K^ d (G), 

where d = dim G, in the sense that there is a canonical isomorphism of the rings when 
using any two 2-cocycles in Z 2 ((G x G).;^ 1 ) which are images under the transgression 

Remark 4.31 In general, if G is a compact and connected Lie group, G admits a G- 
equivariant Spin c -structure if and only if there exists an infinitesimal character i/j : q — » 
Lie(C/(l)) such that pc + ip 1S a weight of T, where pc is the half-sum of positive roots 
(for any choice of maximal torus T) |j. In that case, e € Z 3 ((G x G).;^ 1 ) determines a 
ring structure on K? T i G (G), but this ring structure a priori depends on the choice of the 
cocycle e and not just of the cohomology class [e] € ^((GxG).;^ 1 ), since H 2 (G.;^ 1 ) / 
in general. 



"We are grateful to Meinrenken for pointing this out to us. 
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Remark 4.32 1. There is a similar product in K-homology. Let G be a compact 
group, N — > G a crossed module such that N is G-equivariantly K-oriented. Let 
us define Ki tCj Q(N) as KK G (A C , C). One can define an associative product as the 
composition of the external product Ki^g(N)®Kj^q{N) —> K i+ j tP * c+p * C: G(N) , the 
isomorphism Ki+j iP * c +p* C) G(N) — > Ki + j !m * c ^G(N) given by 6 such that <9'c = 96, and 
the map m* : K i+ j jm * Cj G(N) -> K i+j ^ G (N) coming from m : A c -> A m * c . 

It should not be hard to prove that the product in if -theory and the one in K- 
homology are related by Poincare duality. 

2. For the case M = G and c = 0, K G (G) is explicitly computed by Brylinski-Zhang 
[13] . It would be interesting to investigate how to express the ring structure K G (G)<8> 



K G (G) -» ^ +i+d (G) explicitly in this case. 

3. Freed-Hopkins-Teleman have proved a remarkable theorem [26} [28] that the equiv- 
ariant twisted if -theory group is isomorphic to Verlinde algebra for a compact con- 
nected Lie group. See also [16] for related discussion from a different perspective. 
Here we define equi variant twisted if -theory group from a different viewpoint by 
using if -theory of groupoid C*-algebras. It would be interesting to explore the con- 
nection between the ring structure on K?, q(G) using our construction and the ones 
in 1 26] and 1161. 
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